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Announcements

• MR grading—style does matter 

• Cluster open today or tomorrow, watch piazza
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Today

• Interpreting p-values 

• Linear Regression

3



Interpreting P-Values

Credit for several slides to 
CS1951A Spring 20174



0

cumulative 
density = 
p-value

𝛂

significance level 
(set in advance)

Interpreting P-Values

assuming the null hypothesis is true, 
you will be still be “surprised” alpha % 

of the time5



https://www.nature.com/articles/d41586-019-00857-9

Interpreting P-Values
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Interpreting P-Values
“In my experience teaching many academic physicians, when 
physicians are presented with a single-sentence summary of a 

study that produced a surprising result with P = 0.05, the 
overwhelming majority will confidently state that there is a 95% 

or greater chance that the null hypothesis is incorrect.  
This is an understandable but categorically wrong 

interpretation because the P value is calculated on the 
assumption that the null hypothesis is true. It cannot, therefore, 
be a direct measure of the probability that the null hypothesis is 
false. This logical error reinforces the mistaken notion that the 
data alone can tell us the probability that a hypothesis is true.”  

Goodman SN. Toward evidence-based medical statistics. 1: The P value fallacy. Ann Intern Med. 
1999;130:995-1004. 

Credit: CS1951A Spring 20177
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p-value = Probability of obtaining an effect equal to 
or more extreme than the one observed, assuming 
the null hypothesis is true  

NOT the probability that the null or the alternative 
hypothesis are correct or incorrect 

Interpreting P-Values

9



p-value = Probability of obtaining an effect equal to 
or more extreme than the one observed, assuming 
the null hypothesis is true  

NOT the probability that the null or the alternative 
hypothesis are correct or incorrect 

Interpreting P-Values

10



Clicker Question!
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Clicker Question!

If P=0.05, the null hypothesis has 
a 5% chance of being true

a) Agree 
b) Disagree 
c) Don’t know don’t care

Steven Goodman: “A Dirty Dozen: Twelve P-Value Misconceptions” 12



Clicker Question!

a) Agree 
b) Disagree 
c) Don’t know don’t care

If P=0.05, the null hypothesis has 
a 5% chance of being true

Steven Goodman: “A Dirty Dozen: Twelve P-Value Misconceptions” 13



Clicker Question!

a) Agree 
b) Disagree 
c) Don’t know don’t care

If we flip a coin four times and observe four heads, two-sided P 
=.125. This does not mean that the probability of the coin being 

fair is only 12.5%. 

If P=0.05, the null hypothesis has 
a 5% chance of being true

Steven Goodman: “A Dirty Dozen: Twelve P-Value Misconceptions” 14



Clicker Question!

If P=0.05, this means that there is 
a 5% chance of making a type I 
error (i.e. false positive result).

a) Agree 
b) Disagree 
c) Don’t know don’t care

Steven Goodman: “A Dirty Dozen: Twelve P-Value Misconceptions” 15
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Clicker Question!

If P=0.05, this means that there is 
a 5% chance of making a type I 
error (i.e. false positive result).

a) Agree 
b) Disagree 
c) Don’t know don’t care

There is a 5% chance of type I error assuming the null hypothesis is true, 
but it does not tell you the probability of the null hypothesis being true.

Steven Goodman: “A Dirty Dozen: Twelve P-Value Misconceptions” 17



Clicker Question!
If we observe a non-significant 
difference between two groups, 
(e.g., P=0.1), this means there is 

no difference between the groups. 

a) Agree 
b) Disagree 
c) Don’t know don’t care

Steven Goodman: “A Dirty Dozen: Twelve P-Value Misconceptions” 18
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Clicker Question!

a) Agree 
b) Disagree 
c) Don’t know don’t care

A non-significant difference only means the null effect is statistically 
consistent with the observation, not necessarily most likely.

If we observe a non-significant 
difference between two groups, 
(e.g., P=0.1), this means there is 

no difference between the groups. 

Steven Goodman: “A Dirty Dozen: Twelve P-Value Misconceptions” 20
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Clicker Question!

a) Agree 
b) Disagree 
c) Don’t know don’t care

You read a study showing that a new drug leads to a 
significant decrease in cholesterol. You later read a 
newer study that shows that there is a decrease in 

cholesterol but it is not statistically significant. These 
studies are contradictory, one of them must be wrong.

Steven Goodman: “A Dirty Dozen: Twelve P-Value Misconceptions” 22
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P values can differ all the time, e.g. due to sample size. Even repeated 
identical experiments will give different p values. 
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Clicker Question!
I test a new cancer treatment and find a significant 

decrease in tumor size for patients receiving the 
treatment compared to a control group. I should 
prescribe this treatment to all of my patients now.

a) Agree 
b) Disagree 
c) Don’t know don’t care

Steven Goodman: “A Dirty Dozen: Twelve P-Value Misconceptions” 26
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Clicker Question!

a) Agree 
b) Disagree 
c) Don’t know don’t care

The P value carries no information about the magnitude of an effect. 
Significance alone doesn’t indicate to clinical/practical relevance.

I test a new cancer treatment and find a significant 
decrease in tumor size for patients receiving the 
treatment compared to a control group. I should 
prescribe this treatment to all of my patients now.

Steven Goodman: “A Dirty Dozen: Twelve P-Value Misconceptions” 28



Clicker Question!

a) Agree 
b) Disagree 
c) Don’t know don’t care

P=0.05 means that the probability of data we have 
observed, plus anything more extreme, would only occur 

5% of the time assuming the null hypothesis is true.

Steven Goodman: “A Dirty Dozen: Twelve P-Value Misconceptions” 29
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Clicker Question!

a) Agree 
b) Disagree 
c) Don’t know don’t care

Yes, this is the definition. Internalize it. Live it. 
Breathe it. Tattoo it on your arm.

P=0.05 means that the probability of data we have 
observed, plus anything more extreme, would only occur 

5% of the time assuming the null hypothesis is true.

Steven Goodman: “A Dirty Dozen: Twelve P-Value Misconceptions” 31
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Regression
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Regression

y = f(x)
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Regression

cholesterol = f(mg eucalyptus oil)
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Regression

cholesterol = f(mg eucalyptus oil)

look at your data! 
plot early. plot often.
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Regression
cholesterol = f(mg eucalyptus oil)
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Regression
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Regression
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Regression
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Regression
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Regression
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(honestly tho 
prob linear)42



Linear Regression

y = mx + b + e
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Linear Regression

dependent 
variable 

(cholesterol)

y = mx + b + e
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Linear Regression

y = mx + b + e

dependent 
variable 

(cholesterol)

independent 
variable 

(mg eucalyptus oil)
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Linear Regression

y = mx + b + e

slope (co-efficient) 
expected delta cholesterol 

for 1mg increase in 
eucalyptus oil

dependent 
variable 

(cholesterol)

independent 
variable 

(mg eucalyptus oil)
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Linear Regression

y = mx + b + e

slope (co-efficient) 
expected delta cholesterol 

for 1mg increase in 
eucalyptus oil

intercept 
expected cholesterol 
when eucalyptus = 0

dependent 
variable 

(cholesterol)

independent 
variable 

(mg eucalyptus oil)
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Linear Regression

y = mx + b + e

independent 
variable 

(mg eucalyptus oil)

slope (co-efficient) 
expected delta cholesterol 

for 1mg increase in 
eucalyptus oil

intercept 
expected cholesterol 
when eucalyptus = 0

random (🙏) error
dependent 
variable 

(cholesterol)
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Linear Regression

y = m x  + b + e

y1 
y2 
y3 
… 

yn

x1 
x2 
x3 
… 

xn

e1 
e2 
e3 
… 

en
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Linear Regression

y = m x  + b + e

y1 
y2 
y3 
… 

yn

x1 
x2 
x3 
… 

xn

e1 
e2 
e3 
… 

en

observed values
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Linear Regression

y = m x  + b + e

y1 
y2 
y3 
… 

yn

x1 
x2 
x3 
… 

xn

e1 
e2 
e3 
… 

en

estimated
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Linear Regression

y = m x  + b + e

y1 
y2 
y3 
… 

yn

x1 
x2 
x3 
… 

xn

e1 
e2 
e3 
… 

en

assumed to be shared 
across the population
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Linear Regression

y = m x  + b + e

y1 
y2 
y3 
… 

yn

x1 
x2 
x3 
… 

xn

e1 
e2 
e3 
… 

en

what we want to minimize
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Linear Regression
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Linear Regression
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Linear Regression
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Minimize 
Sum of 

Squared Errors 
(SSE)

59



Linear Regression
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Ŷ = mXi + b
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Linear Regression

Data Analysis Toolkit #10: Simple linear regression 
Copyright © 1996, 2001 Prof. James Kirchner 

http://seismo.berkeley.edu/~kirchner/eps_120/Toolkits/Toolkit_10.pdf 

Q =
nX

i=1

(Yi � Ŷ )2
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2
⇣
nb+m

nX

i=1

Xi �
nX

i=1

Yi

⌘
= 0

<latexit sha1_base64="9f9NzaMgqonxcrR/c0iCJGbvMXk=">AAACJ3icbVDLSgMxFM3UV62vqks3wSJUxDJTBN1USt24rGAf0qlDJk3b0CQzJBmhDP0bN/6KG0FFdOmfmGlnoa0HAodz7uHmHj9kVGnb/rIyS8srq2vZ9dzG5tb2Tn53r6mCSGLSwAELZNtHijAqSENTzUg7lARxn5GWP7pK/NYDkYoG4laPQ9LlaCBon2KkjeTlL8vQrdFBUfjwBHJXRdyLacWZ3MdiAtsehadwTrwzYhI5hhVoe/mCXbKngIvESUkBpKh7+Ve3F+CIE6ExQ0p1HDvU3RhJTTEjk5wbKRIiPEID0jFUIE5UN57eOYFHRunBfiDNExpO1d+JGHGlxtw3kxzpoZr3EvE/rxPp/kU3piKMNBF4tqgfMagDmJQGe1QSrNnYEIQlNX+FeIgkwtpUmzMlOPMnL5JmueTYJefmrFCtpXVkwQE4BEXggHNQBdegDhoAg0fwDN7Au/VkvVgf1udsNGOlmX3wB9b3D4RHoz8=</latexit><latexit sha1_base64="9f9NzaMgqonxcrR/c0iCJGbvMXk=">AAACJ3icbVDLSgMxFM3UV62vqks3wSJUxDJTBN1USt24rGAf0qlDJk3b0CQzJBmhDP0bN/6KG0FFdOmfmGlnoa0HAodz7uHmHj9kVGnb/rIyS8srq2vZ9dzG5tb2Tn53r6mCSGLSwAELZNtHijAqSENTzUg7lARxn5GWP7pK/NYDkYoG4laPQ9LlaCBon2KkjeTlL8vQrdFBUfjwBHJXRdyLacWZ3MdiAtsehadwTrwzYhI5hhVoe/mCXbKngIvESUkBpKh7+Ve3F+CIE6ExQ0p1HDvU3RhJTTEjk5wbKRIiPEID0jFUIE5UN57eOYFHRunBfiDNExpO1d+JGHGlxtw3kxzpoZr3EvE/rxPp/kU3piKMNBF4tqgfMagDmJQGe1QSrNnYEIQlNX+FeIgkwtpUmzMlOPMnL5JmueTYJefmrFCtpXVkwQE4BEXggHNQBdegDhoAg0fwDN7Au/VkvVgf1udsNGOlmX3wB9b3D4RHoz8=</latexit><latexit sha1_base64="9f9NzaMgqonxcrR/c0iCJGbvMXk=">AAACJ3icbVDLSgMxFM3UV62vqks3wSJUxDJTBN1USt24rGAf0qlDJk3b0CQzJBmhDP0bN/6KG0FFdOmfmGlnoa0HAodz7uHmHj9kVGnb/rIyS8srq2vZ9dzG5tb2Tn53r6mCSGLSwAELZNtHijAqSENTzUg7lARxn5GWP7pK/NYDkYoG4laPQ9LlaCBon2KkjeTlL8vQrdFBUfjwBHJXRdyLacWZ3MdiAtsehadwTrwzYhI5hhVoe/mCXbKngIvESUkBpKh7+Ve3F+CIE6ExQ0p1HDvU3RhJTTEjk5wbKRIiPEID0jFUIE5UN57eOYFHRunBfiDNExpO1d+JGHGlxtw3kxzpoZr3EvE/rxPp/kU3piKMNBF4tqgfMagDmJQGe1QSrNnYEIQlNX+FeIgkwtpUmzMlOPMnL5JmueTYJefmrFCtpXVkwQE4BEXggHNQBdegDhoAg0fwDN7Au/VkvVgf1udsNGOlmX3wB9b3D4RHoz8=</latexit><latexit sha1_base64="9f9NzaMgqonxcrR/c0iCJGbvMXk=">AAACJ3icbVDLSgMxFM3UV62vqks3wSJUxDJTBN1USt24rGAf0qlDJk3b0CQzJBmhDP0bN/6KG0FFdOmfmGlnoa0HAodz7uHmHj9kVGnb/rIyS8srq2vZ9dzG5tb2Tn53r6mCSGLSwAELZNtHijAqSENTzUg7lARxn5GWP7pK/NYDkYoG4laPQ9LlaCBon2KkjeTlL8vQrdFBUfjwBHJXRdyLacWZ3MdiAtsehadwTrwzYhI5hhVoe/mCXbKngIvESUkBpKh7+Ve3F+CIE6ExQ0p1HDvU3RhJTTEjk5wbKRIiPEID0jFUIE5UN57eOYFHRunBfiDNExpO1d+JGHGlxtw3kxzpoZr3EvE/rxPp/kU3piKMNBF4tqgfMagDmJQGe1QSrNnYEIQlNX+FeIgkwtpUmzMlOPMnL5JmueTYJefmrFCtpXVkwQE4BEXggHNQBdegDhoAg0fwDN7Au/VkvVgf1udsNGOlmX3wB9b3D4RHoz8=</latexit>
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@Q

@b
=

nX

i=1

�2(Yi �mXi � b) = 0
<latexit sha1_base64="9cIJCpfvS+XsZ9OkPHz9MbmKXfE="></latexit><latexit sha1_base64="9cIJCpfvS+XsZ9OkPHz9MbmKXfE="></latexit><latexit sha1_base64="9cIJCpfvS+XsZ9OkPHz9MbmKXfE="></latexit><latexit sha1_base64="9cIJCpfvS+XsZ9OkPHz9MbmKXfE="></latexit>

2
⇣
nb+m

nX

i=1

Xi �
nX

i=1

Yi

⌘
= 0

<latexit sha1_base64="9f9NzaMgqonxcrR/c0iCJGbvMXk=">AAACJ3icbVDLSgMxFM3UV62vqks3wSJUxDJTBN1USt24rGAf0qlDJk3b0CQzJBmhDP0bN/6KG0FFdOmfmGlnoa0HAodz7uHmHj9kVGnb/rIyS8srq2vZ9dzG5tb2Tn53r6mCSGLSwAELZNtHijAqSENTzUg7lARxn5GWP7pK/NYDkYoG4laPQ9LlaCBon2KkjeTlL8vQrdFBUfjwBHJXRdyLacWZ3MdiAtsehadwTrwzYhI5hhVoe/mCXbKngIvESUkBpKh7+Ve3F+CIE6ExQ0p1HDvU3RhJTTEjk5wbKRIiPEID0jFUIE5UN57eOYFHRunBfiDNExpO1d+JGHGlxtw3kxzpoZr3EvE/rxPp/kU3piKMNBF4tqgfMagDmJQGe1QSrNnYEIQlNX+FeIgkwtpUmzMlOPMnL5JmueTYJefmrFCtpXVkwQE4BEXggHNQBdegDhoAg0fwDN7Au/VkvVgf1udsNGOlmX3wB9b3D4RHoz8=</latexit><latexit sha1_base64="9f9NzaMgqonxcrR/c0iCJGbvMXk=">AAACJ3icbVDLSgMxFM3UV62vqks3wSJUxDJTBN1USt24rGAf0qlDJk3b0CQzJBmhDP0bN/6KG0FFdOmfmGlnoa0HAodz7uHmHj9kVGnb/rIyS8srq2vZ9dzG5tb2Tn53r6mCSGLSwAELZNtHijAqSENTzUg7lARxn5GWP7pK/NYDkYoG4laPQ9LlaCBon2KkjeTlL8vQrdFBUfjwBHJXRdyLacWZ3MdiAtsehadwTrwzYhI5hhVoe/mCXbKngIvESUkBpKh7+Ve3F+CIE6ExQ0p1HDvU3RhJTTEjk5wbKRIiPEID0jFUIE5UN57eOYFHRunBfiDNExpO1d+JGHGlxtw3kxzpoZr3EvE/rxPp/kU3piKMNBF4tqgfMagDmJQGe1QSrNnYEIQlNX+FeIgkwtpUmzMlOPMnL5JmueTYJefmrFCtpXVkwQE4BEXggHNQBdegDhoAg0fwDN7Au/VkvVgf1udsNGOlmX3wB9b3D4RHoz8=</latexit><latexit sha1_base64="9f9NzaMgqonxcrR/c0iCJGbvMXk=">AAACJ3icbVDLSgMxFM3UV62vqks3wSJUxDJTBN1USt24rGAf0qlDJk3b0CQzJBmhDP0bN/6KG0FFdOmfmGlnoa0HAodz7uHmHj9kVGnb/rIyS8srq2vZ9dzG5tb2Tn53r6mCSGLSwAELZNtHijAqSENTzUg7lARxn5GWP7pK/NYDkYoG4laPQ9LlaCBon2KkjeTlL8vQrdFBUfjwBHJXRdyLacWZ3MdiAtsehadwTrwzYhI5hhVoe/mCXbKngIvESUkBpKh7+Ve3F+CIE6ExQ0p1HDvU3RhJTTEjk5wbKRIiPEID0jFUIE5UN57eOYFHRunBfiDNExpO1d+JGHGlxtw3kxzpoZr3EvE/rxPp/kU3piKMNBF4tqgfMagDmJQGe1QSrNnYEIQlNX+FeIgkwtpUmzMlOPMnL5JmueTYJefmrFCtpXVkwQE4BEXggHNQBdegDhoAg0fwDN7Au/VkvVgf1udsNGOlmX3wB9b3D4RHoz8=</latexit><latexit sha1_base64="9f9NzaMgqonxcrR/c0iCJGbvMXk=">AAACJ3icbVDLSgMxFM3UV62vqks3wSJUxDJTBN1USt24rGAf0qlDJk3b0CQzJBmhDP0bN/6KG0FFdOmfmGlnoa0HAodz7uHmHj9kVGnb/rIyS8srq2vZ9dzG5tb2Tn53r6mCSGLSwAELZNtHijAqSENTzUg7lARxn5GWP7pK/NYDkYoG4laPQ9LlaCBon2KkjeTlL8vQrdFBUfjwBHJXRdyLacWZ3MdiAtsehadwTrwzYhI5hhVoe/mCXbKngIvESUkBpKh7+Ve3F+CIE6ExQ0p1HDvU3RhJTTEjk5wbKRIiPEID0jFUIE5UN57eOYFHRunBfiDNExpO1d+JGHGlxtw3kxzpoZr3EvE/rxPp/kU3piKMNBF4tqgfMagDmJQGe1QSrNnYEIQlNX+FeIgkwtpUmzMlOPMnL5JmueTYJefmrFCtpXVkwQE4BEXggHNQBdegDhoAg0fwDN7Au/VkvVgf1udsNGOlmX3wB9b3D4RHoz8=</latexit>

b =
1

n

⇣ nX

i=1

Yi �m
nX

i=1

Xi

⌘

<latexit sha1_base64="S/wybyItZJFAzMEBM8EvpeS8aEc="></latexit><latexit sha1_base64="S/wybyItZJFAzMEBM8EvpeS8aEc="></latexit><latexit sha1_base64="S/wybyItZJFAzMEBM8EvpeS8aEc="></latexit><latexit sha1_base64="S/wybyItZJFAzMEBM8EvpeS8aEc="></latexit>
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@Q

@b
=

nX

i=1

�2(Yi �mXi � b) = 0
<latexit sha1_base64="9cIJCpfvS+XsZ9OkPHz9MbmKXfE="></latexit><latexit sha1_base64="9cIJCpfvS+XsZ9OkPHz9MbmKXfE="></latexit><latexit sha1_base64="9cIJCpfvS+XsZ9OkPHz9MbmKXfE="></latexit><latexit sha1_base64="9cIJCpfvS+XsZ9OkPHz9MbmKXfE="></latexit>

2
⇣
nb+m

nX

i=1

Xi �
nX

i=1

Yi

⌘
= 0

<latexit sha1_base64="9f9NzaMgqonxcrR/c0iCJGbvMXk=">AAACJ3icbVDLSgMxFM3UV62vqks3wSJUxDJTBN1USt24rGAf0qlDJk3b0CQzJBmhDP0bN/6KG0FFdOmfmGlnoa0HAodz7uHmHj9kVGnb/rIyS8srq2vZ9dzG5tb2Tn53r6mCSGLSwAELZNtHijAqSENTzUg7lARxn5GWP7pK/NYDkYoG4laPQ9LlaCBon2KkjeTlL8vQrdFBUfjwBHJXRdyLacWZ3MdiAtsehadwTrwzYhI5hhVoe/mCXbKngIvESUkBpKh7+Ve3F+CIE6ExQ0p1HDvU3RhJTTEjk5wbKRIiPEID0jFUIE5UN57eOYFHRunBfiDNExpO1d+JGHGlxtw3kxzpoZr3EvE/rxPp/kU3piKMNBF4tqgfMagDmJQGe1QSrNnYEIQlNX+FeIgkwtpUmzMlOPMnL5JmueTYJefmrFCtpXVkwQE4BEXggHNQBdegDhoAg0fwDN7Au/VkvVgf1udsNGOlmX3wB9b3D4RHoz8=</latexit><latexit sha1_base64="9f9NzaMgqonxcrR/c0iCJGbvMXk=">AAACJ3icbVDLSgMxFM3UV62vqks3wSJUxDJTBN1USt24rGAf0qlDJk3b0CQzJBmhDP0bN/6KG0FFdOmfmGlnoa0HAodz7uHmHj9kVGnb/rIyS8srq2vZ9dzG5tb2Tn53r6mCSGLSwAELZNtHijAqSENTzUg7lARxn5GWP7pK/NYDkYoG4laPQ9LlaCBon2KkjeTlL8vQrdFBUfjwBHJXRdyLacWZ3MdiAtsehadwTrwzYhI5hhVoe/mCXbKngIvESUkBpKh7+Ve3F+CIE6ExQ0p1HDvU3RhJTTEjk5wbKRIiPEID0jFUIE5UN57eOYFHRunBfiDNExpO1d+JGHGlxtw3kxzpoZr3EvE/rxPp/kU3piKMNBF4tqgfMagDmJQGe1QSrNnYEIQlNX+FeIgkwtpUmzMlOPMnL5JmueTYJefmrFCtpXVkwQE4BEXggHNQBdegDhoAg0fwDN7Au/VkvVgf1udsNGOlmX3wB9b3D4RHoz8=</latexit><latexit sha1_base64="9f9NzaMgqonxcrR/c0iCJGbvMXk=">AAACJ3icbVDLSgMxFM3UV62vqks3wSJUxDJTBN1USt24rGAf0qlDJk3b0CQzJBmhDP0bN/6KG0FFdOmfmGlnoa0HAodz7uHmHj9kVGnb/rIyS8srq2vZ9dzG5tb2Tn53r6mCSGLSwAELZNtHijAqSENTzUg7lARxn5GWP7pK/NYDkYoG4laPQ9LlaCBon2KkjeTlL8vQrdFBUfjwBHJXRdyLacWZ3MdiAtsehadwTrwzYhI5hhVoe/mCXbKngIvESUkBpKh7+Ve3F+CIE6ExQ0p1HDvU3RhJTTEjk5wbKRIiPEID0jFUIE5UN57eOYFHRunBfiDNExpO1d+JGHGlxtw3kxzpoZr3EvE/rxPp/kU3piKMNBF4tqgfMagDmJQGe1QSrNnYEIQlNX+FeIgkwtpUmzMlOPMnL5JmueTYJefmrFCtpXVkwQE4BEXggHNQBdegDhoAg0fwDN7Au/VkvVgf1udsNGOlmX3wB9b3D4RHoz8=</latexit><latexit sha1_base64="9f9NzaMgqonxcrR/c0iCJGbvMXk=">AAACJ3icbVDLSgMxFM3UV62vqks3wSJUxDJTBN1USt24rGAf0qlDJk3b0CQzJBmhDP0bN/6KG0FFdOmfmGlnoa0HAodz7uHmHj9kVGnb/rIyS8srq2vZ9dzG5tb2Tn53r6mCSGLSwAELZNtHijAqSENTzUg7lARxn5GWP7pK/NYDkYoG4laPQ9LlaCBon2KkjeTlL8vQrdFBUfjwBHJXRdyLacWZ3MdiAtsehadwTrwzYhI5hhVoe/mCXbKngIvESUkBpKh7+Ve3F+CIE6ExQ0p1HDvU3RhJTTEjk5wbKRIiPEID0jFUIE5UN57eOYFHRunBfiDNExpO1d+JGHGlxtw3kxzpoZr3EvE/rxPp/kU3piKMNBF4tqgfMagDmJQGe1QSrNnYEIQlNX+FeIgkwtpUmzMlOPMnL5JmueTYJefmrFCtpXVkwQE4BEXggHNQBdegDhoAg0fwDN7Au/VkvVgf1udsNGOlmX3wB9b3D4RHoz8=</latexit>

b =
1

n

⇣ nX

i=1

Yi �m
nX

i=1

Xi

⌘

<latexit sha1_base64="S/wybyItZJFAzMEBM8EvpeS8aEc="></latexit><latexit sha1_base64="S/wybyItZJFAzMEBM8EvpeS8aEc="></latexit><latexit sha1_base64="S/wybyItZJFAzMEBM8EvpeS8aEc="></latexit><latexit sha1_base64="S/wybyItZJFAzMEBM8EvpeS8aEc="></latexit>

X̄ =
1

n

nX

i=1

Xi

<latexit sha1_base64="QuKangyO0q6ZperrH2aWRIX7DAw=">AAACDnicbVBNS8NAEN34WetX1KOXxVLwVLIi6KVQ9OKxgm0DTQyb7aZdutmE3Y1QQn6BF/+KFw+KePXszX/jts1BWx8MPN6bYWZemHKmtON8Wyura+sbm5Wt6vbO7t6+fXDYVUkmCe2QhCfSDbGinAna0Uxz6qaS4jjktBeOr6d+74FKxRJxpycp9WM8FCxiBGsjBXbdC7HM3QI2oRdJTHJU5KLwVBYHOWui4l5AN2CBXXMazgxwmaCS1ECJdmB/eYOEZDEVmnCsVB85qfZzLDUjnBZVL1M0xWSMh7RvqMAxVX4+e6eAdaMMYJRIU0LDmfp7IsexUpM4NJ0x1iO16E3F/7x+pqNLP2cizTQVZL4oyjjUCZxmAwdMUqL5xBBMJDO3QjLCJhVtEqyaENDiy8uke9ZATgPdntdaV2UcFXAMTsApQOACtMANaIMOIOARPINX8GY9WS/Wu/Uxb12xypkj8AfW5w/Jc5vt</latexit><latexit sha1_base64="QuKangyO0q6ZperrH2aWRIX7DAw=">AAACDnicbVBNS8NAEN34WetX1KOXxVLwVLIi6KVQ9OKxgm0DTQyb7aZdutmE3Y1QQn6BF/+KFw+KePXszX/jts1BWx8MPN6bYWZemHKmtON8Wyura+sbm5Wt6vbO7t6+fXDYVUkmCe2QhCfSDbGinAna0Uxz6qaS4jjktBeOr6d+74FKxRJxpycp9WM8FCxiBGsjBXbdC7HM3QI2oRdJTHJU5KLwVBYHOWui4l5AN2CBXXMazgxwmaCS1ECJdmB/eYOEZDEVmnCsVB85qfZzLDUjnBZVL1M0xWSMh7RvqMAxVX4+e6eAdaMMYJRIU0LDmfp7IsexUpM4NJ0x1iO16E3F/7x+pqNLP2cizTQVZL4oyjjUCZxmAwdMUqL5xBBMJDO3QjLCJhVtEqyaENDiy8uke9ZATgPdntdaV2UcFXAMTsApQOACtMANaIMOIOARPINX8GY9WS/Wu/Uxb12xypkj8AfW5w/Jc5vt</latexit><latexit sha1_base64="QuKangyO0q6ZperrH2aWRIX7DAw=">AAACDnicbVBNS8NAEN34WetX1KOXxVLwVLIi6KVQ9OKxgm0DTQyb7aZdutmE3Y1QQn6BF/+KFw+KePXszX/jts1BWx8MPN6bYWZemHKmtON8Wyura+sbm5Wt6vbO7t6+fXDYVUkmCe2QhCfSDbGinAna0Uxz6qaS4jjktBeOr6d+74FKxRJxpycp9WM8FCxiBGsjBXbdC7HM3QI2oRdJTHJU5KLwVBYHOWui4l5AN2CBXXMazgxwmaCS1ECJdmB/eYOEZDEVmnCsVB85qfZzLDUjnBZVL1M0xWSMh7RvqMAxVX4+e6eAdaMMYJRIU0LDmfp7IsexUpM4NJ0x1iO16E3F/7x+pqNLP2cizTQVZL4oyjjUCZxmAwdMUqL5xBBMJDO3QjLCJhVtEqyaENDiy8uke9ZATgPdntdaV2UcFXAMTsApQOACtMANaIMOIOARPINX8GY9WS/Wu/Uxb12xypkj8AfW5w/Jc5vt</latexit><latexit sha1_base64="QuKangyO0q6ZperrH2aWRIX7DAw=">AAACDnicbVBNS8NAEN34WetX1KOXxVLwVLIi6KVQ9OKxgm0DTQyb7aZdutmE3Y1QQn6BF/+KFw+KePXszX/jts1BWx8MPN6bYWZemHKmtON8Wyura+sbm5Wt6vbO7t6+fXDYVUkmCe2QhCfSDbGinAna0Uxz6qaS4jjktBeOr6d+74FKxRJxpycp9WM8FCxiBGsjBXbdC7HM3QI2oRdJTHJU5KLwVBYHOWui4l5AN2CBXXMazgxwmaCS1ECJdmB/eYOEZDEVmnCsVB85qfZzLDUjnBZVL1M0xWSMh7RvqMAxVX4+e6eAdaMMYJRIU0LDmfp7IsexUpM4NJ0x1iO16E3F/7x+pqNLP2cizTQVZL4oyjjUCZxmAwdMUqL5xBBMJDO3QjLCJhVtEqyaENDiy8uke9ZATgPdntdaV2UcFXAMTsApQOACtMANaIMOIOARPINX8GY9WS/Wu/Uxb12xypkj8AfW5w/Jc5vt</latexit>

Ȳ =
1

n

nX

i=1

Yi

<latexit sha1_base64="lfXh9PZu807QGiLj3lCST2qSPoM=">AAACDnicbVDLSsNAFJ34rPUVdelmsBRclYwIuikU3bisYF80MUymk3boZBJmJkIJ+QI3/oobF4q4de3Ov3HaZqGtBy4czrmXe+8JEs6Udpxva2V1bX1js7RV3t7Z3du3Dw7bKk4loS0S81h2A6woZ4K2NNOcdhNJcRRw2gnG11O/80ClYrG405OEehEeChYygrWRfLvqBlhmvRzWoRtKTDKUZyJ3VRr5Gauj/F7Ans98u+LUnBngMkEFqYACTd/+cgcxSSMqNOFYqT5yEu1lWGpGOM3LbqpogskYD2nfUIEjqrxs9k4Oq0YZwDCWpoSGM/X3RIYjpSZRYDojrEdq0ZuK/3n9VIeXXsZEkmoqyHxRmHKoYzjNBg6YpETziSGYSGZuhWSETSraJFg2IaDFl5dJ+6yGnBq6Pa80roo4SuAYnIBTgMAFaIAb0AQtQMAjeAav4M16sl6sd+tj3rpiFTNH4A+szx/MnJvv</latexit><latexit sha1_base64="lfXh9PZu807QGiLj3lCST2qSPoM=">AAACDnicbVDLSsNAFJ34rPUVdelmsBRclYwIuikU3bisYF80MUymk3boZBJmJkIJ+QI3/oobF4q4de3Ov3HaZqGtBy4czrmXe+8JEs6Udpxva2V1bX1js7RV3t7Z3du3Dw7bKk4loS0S81h2A6woZ4K2NNOcdhNJcRRw2gnG11O/80ClYrG405OEehEeChYygrWRfLvqBlhmvRzWoRtKTDKUZyJ3VRr5Gauj/F7Ans98u+LUnBngMkEFqYACTd/+cgcxSSMqNOFYqT5yEu1lWGpGOM3LbqpogskYD2nfUIEjqrxs9k4Oq0YZwDCWpoSGM/X3RIYjpSZRYDojrEdq0ZuK/3n9VIeXXsZEkmoqyHxRmHKoYzjNBg6YpETziSGYSGZuhWSETSraJFg2IaDFl5dJ+6yGnBq6Pa80roo4SuAYnIBTgMAFaIAb0AQtQMAjeAav4M16sl6sd+tj3rpiFTNH4A+szx/MnJvv</latexit><latexit sha1_base64="lfXh9PZu807QGiLj3lCST2qSPoM=">AAACDnicbVDLSsNAFJ34rPUVdelmsBRclYwIuikU3bisYF80MUymk3boZBJmJkIJ+QI3/oobF4q4de3Ov3HaZqGtBy4czrmXe+8JEs6Udpxva2V1bX1js7RV3t7Z3du3Dw7bKk4loS0S81h2A6woZ4K2NNOcdhNJcRRw2gnG11O/80ClYrG405OEehEeChYygrWRfLvqBlhmvRzWoRtKTDKUZyJ3VRr5Gauj/F7Ans98u+LUnBngMkEFqYACTd/+cgcxSSMqNOFYqT5yEu1lWGpGOM3LbqpogskYD2nfUIEjqrxs9k4Oq0YZwDCWpoSGM/X3RIYjpSZRYDojrEdq0ZuK/3n9VIeXXsZEkmoqyHxRmHKoYzjNBg6YpETziSGYSGZuhWSETSraJFg2IaDFl5dJ+6yGnBq6Pa80roo4SuAYnIBTgMAFaIAb0AQtQMAjeAav4M16sl6sd+tj3rpiFTNH4A+szx/MnJvv</latexit><latexit sha1_base64="lfXh9PZu807QGiLj3lCST2qSPoM=">AAACDnicbVDLSsNAFJ34rPUVdelmsBRclYwIuikU3bisYF80MUymk3boZBJmJkIJ+QI3/oobF4q4de3Ov3HaZqGtBy4czrmXe+8JEs6Udpxva2V1bX1js7RV3t7Z3du3Dw7bKk4loS0S81h2A6woZ4K2NNOcdhNJcRRw2gnG11O/80ClYrG405OEehEeChYygrWRfLvqBlhmvRzWoRtKTDKUZyJ3VRr5Gauj/F7Ans98u+LUnBngMkEFqYACTd/+cgcxSSMqNOFYqT5yEu1lWGpGOM3LbqpogskYD2nfUIEjqrxs9k4Oq0YZwDCWpoSGM/X3RIYjpSZRYDojrEdq0ZuK/3n9VIeXXsZEkmoqyHxRmHKoYzjNBg6YpETziSGYSGZuhWSETSraJFg2IaDFl5dJ+6yGnBq6Pa80roo4SuAYnIBTgMAFaIAb0AQtQMAjeAav4M16sl6sd+tj3rpiFTNH4A+szx/MnJvv</latexit>
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@Q

@b
=

nX

i=1

�2(Yi �mXi � b) = 0
<latexit sha1_base64="9cIJCpfvS+XsZ9OkPHz9MbmKXfE="></latexit><latexit sha1_base64="9cIJCpfvS+XsZ9OkPHz9MbmKXfE="></latexit><latexit sha1_base64="9cIJCpfvS+XsZ9OkPHz9MbmKXfE="></latexit><latexit sha1_base64="9cIJCpfvS+XsZ9OkPHz9MbmKXfE="></latexit>

2
⇣
nb+m

nX

i=1

Xi �
nX

i=1

Yi

⌘
= 0

<latexit sha1_base64="9f9NzaMgqonxcrR/c0iCJGbvMXk=">AAACJ3icbVDLSgMxFM3UV62vqks3wSJUxDJTBN1USt24rGAf0qlDJk3b0CQzJBmhDP0bN/6KG0FFdOmfmGlnoa0HAodz7uHmHj9kVGnb/rIyS8srq2vZ9dzG5tb2Tn53r6mCSGLSwAELZNtHijAqSENTzUg7lARxn5GWP7pK/NYDkYoG4laPQ9LlaCBon2KkjeTlL8vQrdFBUfjwBHJXRdyLacWZ3MdiAtsehadwTrwzYhI5hhVoe/mCXbKngIvESUkBpKh7+Ve3F+CIE6ExQ0p1HDvU3RhJTTEjk5wbKRIiPEID0jFUIE5UN57eOYFHRunBfiDNExpO1d+JGHGlxtw3kxzpoZr3EvE/rxPp/kU3piKMNBF4tqgfMagDmJQGe1QSrNnYEIQlNX+FeIgkwtpUmzMlOPMnL5JmueTYJefmrFCtpXVkwQE4BEXggHNQBdegDhoAg0fwDN7Au/VkvVgf1udsNGOlmX3wB9b3D4RHoz8=</latexit><latexit sha1_base64="9f9NzaMgqonxcrR/c0iCJGbvMXk=">AAACJ3icbVDLSgMxFM3UV62vqks3wSJUxDJTBN1USt24rGAf0qlDJk3b0CQzJBmhDP0bN/6KG0FFdOmfmGlnoa0HAodz7uHmHj9kVGnb/rIyS8srq2vZ9dzG5tb2Tn53r6mCSGLSwAELZNtHijAqSENTzUg7lARxn5GWP7pK/NYDkYoG4laPQ9LlaCBon2KkjeTlL8vQrdFBUfjwBHJXRdyLacWZ3MdiAtsehadwTrwzYhI5hhVoe/mCXbKngIvESUkBpKh7+Ve3F+CIE6ExQ0p1HDvU3RhJTTEjk5wbKRIiPEID0jFUIE5UN57eOYFHRunBfiDNExpO1d+JGHGlxtw3kxzpoZr3EvE/rxPp/kU3piKMNBF4tqgfMagDmJQGe1QSrNnYEIQlNX+FeIgkwtpUmzMlOPMnL5JmueTYJefmrFCtpXVkwQE4BEXggHNQBdegDhoAg0fwDN7Au/VkvVgf1udsNGOlmX3wB9b3D4RHoz8=</latexit><latexit sha1_base64="9f9NzaMgqonxcrR/c0iCJGbvMXk=">AAACJ3icbVDLSgMxFM3UV62vqks3wSJUxDJTBN1USt24rGAf0qlDJk3b0CQzJBmhDP0bN/6KG0FFdOmfmGlnoa0HAodz7uHmHj9kVGnb/rIyS8srq2vZ9dzG5tb2Tn53r6mCSGLSwAELZNtHijAqSENTzUg7lARxn5GWP7pK/NYDkYoG4laPQ9LlaCBon2KkjeTlL8vQrdFBUfjwBHJXRdyLacWZ3MdiAtsehadwTrwzYhI5hhVoe/mCXbKngIvESUkBpKh7+Ve3F+CIE6ExQ0p1HDvU3RhJTTEjk5wbKRIiPEID0jFUIE5UN57eOYFHRunBfiDNExpO1d+JGHGlxtw3kxzpoZr3EvE/rxPp/kU3piKMNBF4tqgfMagDmJQGe1QSrNnYEIQlNX+FeIgkwtpUmzMlOPMnL5JmueTYJefmrFCtpXVkwQE4BEXggHNQBdegDhoAg0fwDN7Au/VkvVgf1udsNGOlmX3wB9b3D4RHoz8=</latexit><latexit sha1_base64="9f9NzaMgqonxcrR/c0iCJGbvMXk=">AAACJ3icbVDLSgMxFM3UV62vqks3wSJUxDJTBN1USt24rGAf0qlDJk3b0CQzJBmhDP0bN/6KG0FFdOmfmGlnoa0HAodz7uHmHj9kVGnb/rIyS8srq2vZ9dzG5tb2Tn53r6mCSGLSwAELZNtHijAqSENTzUg7lARxn5GWP7pK/NYDkYoG4laPQ9LlaCBon2KkjeTlL8vQrdFBUfjwBHJXRdyLacWZ3MdiAtsehadwTrwzYhI5hhVoe/mCXbKngIvESUkBpKh7+Ve3F+CIE6ExQ0p1HDvU3RhJTTEjk5wbKRIiPEID0jFUIE5UN57eOYFHRunBfiDNExpO1d+JGHGlxtw3kxzpoZr3EvE/rxPp/kU3piKMNBF4tqgfMagDmJQGe1QSrNnYEIQlNX+FeIgkwtpUmzMlOPMnL5JmueTYJefmrFCtpXVkwQE4BEXggHNQBdegDhoAg0fwDN7Au/VkvVgf1udsNGOlmX3wB9b3D4RHoz8=</latexit>

b =
1

n

⇣ nX

i=1

Yi �m
nX

i=1

Xi

⌘

<latexit sha1_base64="S/wybyItZJFAzMEBM8EvpeS8aEc="></latexit><latexit sha1_base64="S/wybyItZJFAzMEBM8EvpeS8aEc="></latexit><latexit sha1_base64="S/wybyItZJFAzMEBM8EvpeS8aEc="></latexit><latexit sha1_base64="S/wybyItZJFAzMEBM8EvpeS8aEc="></latexit>

b = Ȳ �mX̄
<latexit sha1_base64="hwHBCHxlXmNAb1i+1nKjhGPDZ7s=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi+DGMiOCboSiG5cV7EXaoWTSTBuaZIYkI5RhNr6KGxeKuPUx3Pk2ppeFtv4Q+PjPOZycP0w408bzvp3C0vLK6lpxvbSxubW94+7uNXScKkLrJOaxaoVYU84krRtmOG0limIRctoMhzfjevORKs1ieW9GCQ0E7ksWMYKNtbruQYiuUCfEKnvI0SkSU27lXbfsVbyJ0CL4MyjDTLWu+9XpxSQVVBrCsdZt30tMkGFlGOE0L3VSTRNMhrhP2xYlFlQH2eSAHB1bp4eiWNknDZq4vycyLLQeidB2CmwGer42Nv+rtVMTXQYZk0lqqCTTRVHKkYnROA3UY4oSw0cWMFHM/hWRAVaYGJtZyYbgz5+8CI2ziu9V/LvzcvV6FkcRDuEITsCHC6jCLdSgDgRyeIZXeHOenBfn3fmYthac2cw+/JHz+QOthJUt</latexit><latexit sha1_base64="hwHBCHxlXmNAb1i+1nKjhGPDZ7s=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi+DGMiOCboSiG5cV7EXaoWTSTBuaZIYkI5RhNr6KGxeKuPUx3Pk2ppeFtv4Q+PjPOZycP0w408bzvp3C0vLK6lpxvbSxubW94+7uNXScKkLrJOaxaoVYU84krRtmOG0limIRctoMhzfjevORKs1ieW9GCQ0E7ksWMYKNtbruQYiuUCfEKnvI0SkSU27lXbfsVbyJ0CL4MyjDTLWu+9XpxSQVVBrCsdZt30tMkGFlGOE0L3VSTRNMhrhP2xYlFlQH2eSAHB1bp4eiWNknDZq4vycyLLQeidB2CmwGer42Nv+rtVMTXQYZk0lqqCTTRVHKkYnROA3UY4oSw0cWMFHM/hWRAVaYGJtZyYbgz5+8CI2ziu9V/LvzcvV6FkcRDuEITsCHC6jCLdSgDgRyeIZXeHOenBfn3fmYthac2cw+/JHz+QOthJUt</latexit><latexit sha1_base64="hwHBCHxlXmNAb1i+1nKjhGPDZ7s=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi+DGMiOCboSiG5cV7EXaoWTSTBuaZIYkI5RhNr6KGxeKuPUx3Pk2ppeFtv4Q+PjPOZycP0w408bzvp3C0vLK6lpxvbSxubW94+7uNXScKkLrJOaxaoVYU84krRtmOG0limIRctoMhzfjevORKs1ieW9GCQ0E7ksWMYKNtbruQYiuUCfEKnvI0SkSU27lXbfsVbyJ0CL4MyjDTLWu+9XpxSQVVBrCsdZt30tMkGFlGOE0L3VSTRNMhrhP2xYlFlQH2eSAHB1bp4eiWNknDZq4vycyLLQeidB2CmwGer42Nv+rtVMTXQYZk0lqqCTTRVHKkYnROA3UY4oSw0cWMFHM/hWRAVaYGJtZyYbgz5+8CI2ziu9V/LvzcvV6FkcRDuEITsCHC6jCLdSgDgRyeIZXeHOenBfn3fmYthac2cw+/JHz+QOthJUt</latexit><latexit sha1_base64="hwHBCHxlXmNAb1i+1nKjhGPDZ7s=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi+DGMiOCboSiG5cV7EXaoWTSTBuaZIYkI5RhNr6KGxeKuPUx3Pk2ppeFtv4Q+PjPOZycP0w408bzvp3C0vLK6lpxvbSxubW94+7uNXScKkLrJOaxaoVYU84krRtmOG0limIRctoMhzfjevORKs1ieW9GCQ0E7ksWMYKNtbruQYiuUCfEKnvI0SkSU27lXbfsVbyJ0CL4MyjDTLWu+9XpxSQVVBrCsdZt30tMkGFlGOE0L3VSTRNMhrhP2xYlFlQH2eSAHB1bp4eiWNknDZq4vycyLLQeidB2CmwGer42Nv+rtVMTXQYZk0lqqCTTRVHKkYnROA3UY4oSw0cWMFHM/hWRAVaYGJtZyYbgz5+8CI2ziu9V/LvzcvV6FkcRDuEITsCHC6jCLdSgDgRyeIZXeHOenBfn3fmYthac2cw+/JHz+QOthJUt</latexit>

X̄ =
1

n

nX

i=1

Xi

<latexit sha1_base64="QuKangyO0q6ZperrH2aWRIX7DAw=">AAACDnicbVBNS8NAEN34WetX1KOXxVLwVLIi6KVQ9OKxgm0DTQyb7aZdutmE3Y1QQn6BF/+KFw+KePXszX/jts1BWx8MPN6bYWZemHKmtON8Wyura+sbm5Wt6vbO7t6+fXDYVUkmCe2QhCfSDbGinAna0Uxz6qaS4jjktBeOr6d+74FKxRJxpycp9WM8FCxiBGsjBXbdC7HM3QI2oRdJTHJU5KLwVBYHOWui4l5AN2CBXXMazgxwmaCS1ECJdmB/eYOEZDEVmnCsVB85qfZzLDUjnBZVL1M0xWSMh7RvqMAxVX4+e6eAdaMMYJRIU0LDmfp7IsexUpM4NJ0x1iO16E3F/7x+pqNLP2cizTQVZL4oyjjUCZxmAwdMUqL5xBBMJDO3QjLCJhVtEqyaENDiy8uke9ZATgPdntdaV2UcFXAMTsApQOACtMANaIMOIOARPINX8GY9WS/Wu/Uxb12xypkj8AfW5w/Jc5vt</latexit><latexit sha1_base64="QuKangyO0q6ZperrH2aWRIX7DAw=">AAACDnicbVBNS8NAEN34WetX1KOXxVLwVLIi6KVQ9OKxgm0DTQyb7aZdutmE3Y1QQn6BF/+KFw+KePXszX/jts1BWx8MPN6bYWZemHKmtON8Wyura+sbm5Wt6vbO7t6+fXDYVUkmCe2QhCfSDbGinAna0Uxz6qaS4jjktBeOr6d+74FKxRJxpycp9WM8FCxiBGsjBXbdC7HM3QI2oRdJTHJU5KLwVBYHOWui4l5AN2CBXXMazgxwmaCS1ECJdmB/eYOEZDEVmnCsVB85qfZzLDUjnBZVL1M0xWSMh7RvqMAxVX4+e6eAdaMMYJRIU0LDmfp7IsexUpM4NJ0x1iO16E3F/7x+pqNLP2cizTQVZL4oyjjUCZxmAwdMUqL5xBBMJDO3QjLCJhVtEqyaENDiy8uke9ZATgPdntdaV2UcFXAMTsApQOACtMANaIMOIOARPINX8GY9WS/Wu/Uxb12xypkj8AfW5w/Jc5vt</latexit><latexit sha1_base64="QuKangyO0q6ZperrH2aWRIX7DAw=">AAACDnicbVBNS8NAEN34WetX1KOXxVLwVLIi6KVQ9OKxgm0DTQyb7aZdutmE3Y1QQn6BF/+KFw+KePXszX/jts1BWx8MPN6bYWZemHKmtON8Wyura+sbm5Wt6vbO7t6+fXDYVUkmCe2QhCfSDbGinAna0Uxz6qaS4jjktBeOr6d+74FKxRJxpycp9WM8FCxiBGsjBXbdC7HM3QI2oRdJTHJU5KLwVBYHOWui4l5AN2CBXXMazgxwmaCS1ECJdmB/eYOEZDEVmnCsVB85qfZzLDUjnBZVL1M0xWSMh7RvqMAxVX4+e6eAdaMMYJRIU0LDmfp7IsexUpM4NJ0x1iO16E3F/7x+pqNLP2cizTQVZL4oyjjUCZxmAwdMUqL5xBBMJDO3QjLCJhVtEqyaENDiy8uke9ZATgPdntdaV2UcFXAMTsApQOACtMANaIMOIOARPINX8GY9WS/Wu/Uxb12xypkj8AfW5w/Jc5vt</latexit><latexit sha1_base64="QuKangyO0q6ZperrH2aWRIX7DAw=">AAACDnicbVBNS8NAEN34WetX1KOXxVLwVLIi6KVQ9OKxgm0DTQyb7aZdutmE3Y1QQn6BF/+KFw+KePXszX/jts1BWx8MPN6bYWZemHKmtON8Wyura+sbm5Wt6vbO7t6+fXDYVUkmCe2QhCfSDbGinAna0Uxz6qaS4jjktBeOr6d+74FKxRJxpycp9WM8FCxiBGsjBXbdC7HM3QI2oRdJTHJU5KLwVBYHOWui4l5AN2CBXXMazgxwmaCS1ECJdmB/eYOEZDEVmnCsVB85qfZzLDUjnBZVL1M0xWSMh7RvqMAxVX4+e6eAdaMMYJRIU0LDmfp7IsexUpM4NJ0x1iO16E3F/7x+pqNLP2cizTQVZL4oyjjUCZxmAwdMUqL5xBBMJDO3QjLCJhVtEqyaENDiy8uke9ZATgPdntdaV2UcFXAMTsApQOACtMANaIMOIOARPINX8GY9WS/Wu/Uxb12xypkj8AfW5w/Jc5vt</latexit>

Ȳ =
1

n

nX

i=1

Yi

<latexit sha1_base64="lfXh9PZu807QGiLj3lCST2qSPoM=">AAACDnicbVDLSsNAFJ34rPUVdelmsBRclYwIuikU3bisYF80MUymk3boZBJmJkIJ+QI3/oobF4q4de3Ov3HaZqGtBy4czrmXe+8JEs6Udpxva2V1bX1js7RV3t7Z3du3Dw7bKk4loS0S81h2A6woZ4K2NNOcdhNJcRRw2gnG11O/80ClYrG405OEehEeChYygrWRfLvqBlhmvRzWoRtKTDKUZyJ3VRr5Gauj/F7Ans98u+LUnBngMkEFqYACTd/+cgcxSSMqNOFYqT5yEu1lWGpGOM3LbqpogskYD2nfUIEjqrxs9k4Oq0YZwDCWpoSGM/X3RIYjpSZRYDojrEdq0ZuK/3n9VIeXXsZEkmoqyHxRmHKoYzjNBg6YpETziSGYSGZuhWSETSraJFg2IaDFl5dJ+6yGnBq6Pa80roo4SuAYnIBTgMAFaIAb0AQtQMAjeAav4M16sl6sd+tj3rpiFTNH4A+szx/MnJvv</latexit><latexit sha1_base64="lfXh9PZu807QGiLj3lCST2qSPoM=">AAACDnicbVDLSsNAFJ34rPUVdelmsBRclYwIuikU3bisYF80MUymk3boZBJmJkIJ+QI3/oobF4q4de3Ov3HaZqGtBy4czrmXe+8JEs6Udpxva2V1bX1js7RV3t7Z3du3Dw7bKk4loS0S81h2A6woZ4K2NNOcdhNJcRRw2gnG11O/80ClYrG405OEehEeChYygrWRfLvqBlhmvRzWoRtKTDKUZyJ3VRr5Gauj/F7Ans98u+LUnBngMkEFqYACTd/+cgcxSSMqNOFYqT5yEu1lWGpGOM3LbqpogskYD2nfUIEjqrxs9k4Oq0YZwDCWpoSGM/X3RIYjpSZRYDojrEdq0ZuK/3n9VIeXXsZEkmoqyHxRmHKoYzjNBg6YpETziSGYSGZuhWSETSraJFg2IaDFl5dJ+6yGnBq6Pa80roo4SuAYnIBTgMAFaIAb0AQtQMAjeAav4M16sl6sd+tj3rpiFTNH4A+szx/MnJvv</latexit><latexit sha1_base64="lfXh9PZu807QGiLj3lCST2qSPoM=">AAACDnicbVDLSsNAFJ34rPUVdelmsBRclYwIuikU3bisYF80MUymk3boZBJmJkIJ+QI3/oobF4q4de3Ov3HaZqGtBy4czrmXe+8JEs6Udpxva2V1bX1js7RV3t7Z3du3Dw7bKk4loS0S81h2A6woZ4K2NNOcdhNJcRRw2gnG11O/80ClYrG405OEehEeChYygrWRfLvqBlhmvRzWoRtKTDKUZyJ3VRr5Gauj/F7Ans98u+LUnBngMkEFqYACTd/+cgcxSSMqNOFYqT5yEu1lWGpGOM3LbqpogskYD2nfUIEjqrxs9k4Oq0YZwDCWpoSGM/X3RIYjpSZRYDojrEdq0ZuK/3n9VIeXXsZEkmoqyHxRmHKoYzjNBg6YpETziSGYSGZuhWSETSraJFg2IaDFl5dJ+6yGnBq6Pa80roo4SuAYnIBTgMAFaIAb0AQtQMAjeAav4M16sl6sd+tj3rpiFTNH4A+szx/MnJvv</latexit><latexit sha1_base64="lfXh9PZu807QGiLj3lCST2qSPoM=">AAACDnicbVDLSsNAFJ34rPUVdelmsBRclYwIuikU3bisYF80MUymk3boZBJmJkIJ+QI3/oobF4q4de3Ov3HaZqGtBy4czrmXe+8JEs6Udpxva2V1bX1js7RV3t7Z3du3Dw7bKk4loS0S81h2A6woZ4K2NNOcdhNJcRRw2gnG11O/80ClYrG405OEehEeChYygrWRfLvqBlhmvRzWoRtKTDKUZyJ3VRr5Gauj/F7Ans98u+LUnBngMkEFqYACTd/+cgcxSSMqNOFYqT5yEu1lWGpGOM3LbqpogskYD2nfUIEjqrxs9k4Oq0YZwDCWpoSGM/X3RIYjpSZRYDojrEdq0ZuK/3n9VIeXXsZEkmoqyHxRmHKoYzjNBg6YpETziSGYSGZuhWSETSraJFg2IaDFl5dJ+6yGnBq6Pa80roo4SuAYnIBTgMAFaIAb0AQtQMAjeAav4M16sl6sd+tj3rpiFTNH4A+szx/MnJvv</latexit>
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Q =
nX

i=1

(Yi � (mXi + b))2

<latexit sha1_base64="q3o/vVOTz7GUx+RiBjGcRGq1f0o=">AAACD3icbVDLSgMxFM3UV62vUZdugkVpEctMEXRTKLpx2YJ9SB9DJk3b0CQzJBmhDP0DN/6KGxeKuHXrzr8xbWehrQcu93DOvST3+CGjSjvOt5VaWV1b30hvZra2d3b37P2DugoiiUkNByyQTR8pwqggNU01I81QEsR9Rhr+6GbqNx6IVDQQd3ockg5HA0H7FCNtJM8+rcISbKuIezEtuZNuLCa5e4/Cc5jjTdPPoJ/Pd4uenXUKzgxwmbgJyYIEFc/+avcCHHEiNGZIqZbrhLoTI6kpZmSSaUeKhAiP0IC0DBWIE9WJZ/dM4IlRerAfSFNCw5n6eyNGXKkx980kR3qoFr2p+J/XinT/qhNTEUaaCDx/qB8xqAM4DQf2qCRYs7EhCEtq/grxEEmEtYkwY0JwF09eJvViwXUKbvUiW75O4kiDI3AMcsAFl6AMbkEF1AAGj+AZvII368l6sd6tj/loykp2DsEfWJ8/aLmZsg==</latexit><latexit sha1_base64="q3o/vVOTz7GUx+RiBjGcRGq1f0o=">AAACD3icbVDLSgMxFM3UV62vUZdugkVpEctMEXRTKLpx2YJ9SB9DJk3b0CQzJBmhDP0DN/6KGxeKuHXrzr8xbWehrQcu93DOvST3+CGjSjvOt5VaWV1b30hvZra2d3b37P2DugoiiUkNByyQTR8pwqggNU01I81QEsR9Rhr+6GbqNx6IVDQQd3ockg5HA0H7FCNtJM8+rcISbKuIezEtuZNuLCa5e4/Cc5jjTdPPoJ/Pd4uenXUKzgxwmbgJyYIEFc/+avcCHHEiNGZIqZbrhLoTI6kpZmSSaUeKhAiP0IC0DBWIE9WJZ/dM4IlRerAfSFNCw5n6eyNGXKkx980kR3qoFr2p+J/XinT/qhNTEUaaCDx/qB8xqAM4DQf2qCRYs7EhCEtq/grxEEmEtYkwY0JwF09eJvViwXUKbvUiW75O4kiDI3AMcsAFl6AMbkEF1AAGj+AZvII368l6sd6tj/loykp2DsEfWJ8/aLmZsg==</latexit><latexit sha1_base64="q3o/vVOTz7GUx+RiBjGcRGq1f0o=">AAACD3icbVDLSgMxFM3UV62vUZdugkVpEctMEXRTKLpx2YJ9SB9DJk3b0CQzJBmhDP0DN/6KGxeKuHXrzr8xbWehrQcu93DOvST3+CGjSjvOt5VaWV1b30hvZra2d3b37P2DugoiiUkNByyQTR8pwqggNU01I81QEsR9Rhr+6GbqNx6IVDQQd3ockg5HA0H7FCNtJM8+rcISbKuIezEtuZNuLCa5e4/Cc5jjTdPPoJ/Pd4uenXUKzgxwmbgJyYIEFc/+avcCHHEiNGZIqZbrhLoTI6kpZmSSaUeKhAiP0IC0DBWIE9WJZ/dM4IlRerAfSFNCw5n6eyNGXKkx980kR3qoFr2p+J/XinT/qhNTEUaaCDx/qB8xqAM4DQf2qCRYs7EhCEtq/grxEEmEtYkwY0JwF09eJvViwXUKbvUiW75O4kiDI3AMcsAFl6AMbkEF1AAGj+AZvII368l6sd6tj/loykp2DsEfWJ8/aLmZsg==</latexit><latexit sha1_base64="q3o/vVOTz7GUx+RiBjGcRGq1f0o=">AAACD3icbVDLSgMxFM3UV62vUZdugkVpEctMEXRTKLpx2YJ9SB9DJk3b0CQzJBmhDP0DN/6KGxeKuHXrzr8xbWehrQcu93DOvST3+CGjSjvOt5VaWV1b30hvZra2d3b37P2DugoiiUkNByyQTR8pwqggNU01I81QEsR9Rhr+6GbqNx6IVDQQd3ockg5HA0H7FCNtJM8+rcISbKuIezEtuZNuLCa5e4/Cc5jjTdPPoJ/Pd4uenXUKzgxwmbgJyYIEFc/+avcCHHEiNGZIqZbrhLoTI6kpZmSSaUeKhAiP0IC0DBWIE9WJZ/dM4IlRerAfSFNCw5n6eyNGXKkx980kR3qoFr2p+J/XinT/qhNTEUaaCDx/qB8xqAM4DQf2qCRYs7EhCEtq/grxEEmEtYkwY0JwF09eJvViwXUKbvUiW75O4kiDI3AMcsAFl6AMbkEF1AAGj+AZvII368l6sd6tj/loykp2DsEfWJ8/aLmZsg==</latexit>

@Q

@b
=

nX

i=1

�2(Yi �mXi � b) = 0
<latexit sha1_base64="9cIJCpfvS+XsZ9OkPHz9MbmKXfE="></latexit><latexit sha1_base64="9cIJCpfvS+XsZ9OkPHz9MbmKXfE="></latexit><latexit sha1_base64="9cIJCpfvS+XsZ9OkPHz9MbmKXfE="></latexit><latexit sha1_base64="9cIJCpfvS+XsZ9OkPHz9MbmKXfE="></latexit>

@Q

@m
=

nX

i=1

�2Xi(Yi � b�mXi) = 0
<latexit sha1_base64="XMJx4vTyfUZ86d4j9mmLjvojhdw="></latexit><latexit sha1_base64="XMJx4vTyfUZ86d4j9mmLjvojhdw="></latexit><latexit sha1_base64="XMJx4vTyfUZ86d4j9mmLjvojhdw="></latexit><latexit sha1_base64="XMJx4vTyfUZ86d4j9mmLjvojhdw="></latexit>

intercept at minimum

slope at minimum
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Data Analysis Toolkit #10: Simple linear regression 
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@Q

@m
=

nX

i=1

�2Xi(Yi � b�mXi) = 0
<latexit sha1_base64="XMJx4vTyfUZ86d4j9mmLjvojhdw="></latexit><latexit sha1_base64="XMJx4vTyfUZ86d4j9mmLjvojhdw="></latexit><latexit sha1_base64="XMJx4vTyfUZ86d4j9mmLjvojhdw="></latexit><latexit sha1_base64="XMJx4vTyfUZ86d4j9mmLjvojhdw="></latexit>
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@Q

@m
=

nX

i=1

�2Xi(Yi � b�mXi) = 0
<latexit sha1_base64="XMJx4vTyfUZ86d4j9mmLjvojhdw="></latexit><latexit sha1_base64="XMJx4vTyfUZ86d4j9mmLjvojhdw="></latexit><latexit sha1_base64="XMJx4vTyfUZ86d4j9mmLjvojhdw="></latexit><latexit sha1_base64="XMJx4vTyfUZ86d4j9mmLjvojhdw="></latexit>

nX

i=1

�2(YiXi � bXi �mX2
i ) = 0

<latexit sha1_base64="x8svT1VUjG8LTR/zdQqOlRUGm2s=">AAACFnicbVDLSgMxFM34rPU16tJNsAh10TJTBN0Uim5cVrAPaadDJs20oUlmSDJCGfoVbvwVNy4UcSvu/BvTdhbaeiDcwzn3cnNPEDOqtON8Wyura+sbm7mt/PbO7t6+fXDYVFEiMWngiEWyHSBFGBWkoalmpB1LgnjASCsYXU/91gORikbiTo9j4nE0EDSkGGkj+XapqxLup7TqTnqpmMBSpXjv07ZPYQkG88JN6VXOYBU6vl1wys4McJm4GSmADHXf/ur2I5xwIjRmSKmO68TaS5HUFDMyyXcTRWKER2hAOoYKxIny0tlZE3hqlD4MI2me0HCm/p5IEVdqzAPTyZEeqkVvKv7ndRIdXnopFXGiicDzRWHCoI7gNCPYp5JgzcaGICyp+SvEQyQR1ibJvAnBXTx5mTQrZdcpu7fnhdpVFkcOHIMTUAQuuAA1cAPqoAEweATP4BW8WU/Wi/VufcxbV6xs5gj8gfX5A1s6nEc=</latexit><latexit sha1_base64="x8svT1VUjG8LTR/zdQqOlRUGm2s=">AAACFnicbVDLSgMxFM34rPU16tJNsAh10TJTBN0Uim5cVrAPaadDJs20oUlmSDJCGfoVbvwVNy4UcSvu/BvTdhbaeiDcwzn3cnNPEDOqtON8Wyura+sbm7mt/PbO7t6+fXDYVFEiMWngiEWyHSBFGBWkoalmpB1LgnjASCsYXU/91gORikbiTo9j4nE0EDSkGGkj+XapqxLup7TqTnqpmMBSpXjv07ZPYQkG88JN6VXOYBU6vl1wys4McJm4GSmADHXf/ur2I5xwIjRmSKmO68TaS5HUFDMyyXcTRWKER2hAOoYKxIny0tlZE3hqlD4MI2me0HCm/p5IEVdqzAPTyZEeqkVvKv7ndRIdXnopFXGiicDzRWHCoI7gNCPYp5JgzcaGICyp+SvEQyQR1ibJvAnBXTx5mTQrZdcpu7fnhdpVFkcOHIMTUAQuuAA1cAPqoAEweATP4BW8WU/Wi/VufcxbV6xs5gj8gfX5A1s6nEc=</latexit><latexit sha1_base64="x8svT1VUjG8LTR/zdQqOlRUGm2s=">AAACFnicbVDLSgMxFM34rPU16tJNsAh10TJTBN0Uim5cVrAPaadDJs20oUlmSDJCGfoVbvwVNy4UcSvu/BvTdhbaeiDcwzn3cnNPEDOqtON8Wyura+sbm7mt/PbO7t6+fXDYVFEiMWngiEWyHSBFGBWkoalmpB1LgnjASCsYXU/91gORikbiTo9j4nE0EDSkGGkj+XapqxLup7TqTnqpmMBSpXjv07ZPYQkG88JN6VXOYBU6vl1wys4McJm4GSmADHXf/ur2I5xwIjRmSKmO68TaS5HUFDMyyXcTRWKER2hAOoYKxIny0tlZE3hqlD4MI2me0HCm/p5IEVdqzAPTyZEeqkVvKv7ndRIdXnopFXGiicDzRWHCoI7gNCPYp5JgzcaGICyp+SvEQyQR1ibJvAnBXTx5mTQrZdcpu7fnhdpVFkcOHIMTUAQuuAA1cAPqoAEweATP4BW8WU/Wi/VufcxbV6xs5gj8gfX5A1s6nEc=</latexit><latexit sha1_base64="x8svT1VUjG8LTR/zdQqOlRUGm2s=">AAACFnicbVDLSgMxFM34rPU16tJNsAh10TJTBN0Uim5cVrAPaadDJs20oUlmSDJCGfoVbvwVNy4UcSvu/BvTdhbaeiDcwzn3cnNPEDOqtON8Wyura+sbm7mt/PbO7t6+fXDYVFEiMWngiEWyHSBFGBWkoalmpB1LgnjASCsYXU/91gORikbiTo9j4nE0EDSkGGkj+XapqxLup7TqTnqpmMBSpXjv07ZPYQkG88JN6VXOYBU6vl1wys4McJm4GSmADHXf/ur2I5xwIjRmSKmO68TaS5HUFDMyyXcTRWKER2hAOoYKxIny0tlZE3hqlD4MI2me0HCm/p5IEVdqzAPTyZEeqkVvKv7ndRIdXnopFXGiicDzRWHCoI7gNCPYp5JgzcaGICyp+SvEQyQR1ibJvAnBXTx5mTQrZdcpu7fnhdpVFkcOHIMTUAQuuAA1cAPqoAEweATP4BW8WU/Wi/VufcxbV6xs5gj8gfX5A1s6nEc=</latexit>
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Data Analysis Toolkit #10: Simple linear regression 
Copyright © 1996, 2001 Prof. James Kirchner 
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@Q

@m
=

nX

i=1

�2Xi(Yi � b�mXi) = 0
<latexit sha1_base64="XMJx4vTyfUZ86d4j9mmLjvojhdw="></latexit><latexit sha1_base64="XMJx4vTyfUZ86d4j9mmLjvojhdw="></latexit><latexit sha1_base64="XMJx4vTyfUZ86d4j9mmLjvojhdw="></latexit><latexit sha1_base64="XMJx4vTyfUZ86d4j9mmLjvojhdw="></latexit>

nX

i=1

�2(YiXi � bXi �mX2
i ) = 0

<latexit sha1_base64="x8svT1VUjG8LTR/zdQqOlRUGm2s=">AAACFnicbVDLSgMxFM34rPU16tJNsAh10TJTBN0Uim5cVrAPaadDJs20oUlmSDJCGfoVbvwVNy4UcSvu/BvTdhbaeiDcwzn3cnNPEDOqtON8Wyura+sbm7mt/PbO7t6+fXDYVFEiMWngiEWyHSBFGBWkoalmpB1LgnjASCsYXU/91gORikbiTo9j4nE0EDSkGGkj+XapqxLup7TqTnqpmMBSpXjv07ZPYQkG88JN6VXOYBU6vl1wys4McJm4GSmADHXf/ur2I5xwIjRmSKmO68TaS5HUFDMyyXcTRWKER2hAOoYKxIny0tlZE3hqlD4MI2me0HCm/p5IEVdqzAPTyZEeqkVvKv7ndRIdXnopFXGiicDzRWHCoI7gNCPYp5JgzcaGICyp+SvEQyQR1ibJvAnBXTx5mTQrZdcpu7fnhdpVFkcOHIMTUAQuuAA1cAPqoAEweATP4BW8WU/Wi/VufcxbV6xs5gj8gfX5A1s6nEc=</latexit><latexit sha1_base64="x8svT1VUjG8LTR/zdQqOlRUGm2s=">AAACFnicbVDLSgMxFM34rPU16tJNsAh10TJTBN0Uim5cVrAPaadDJs20oUlmSDJCGfoVbvwVNy4UcSvu/BvTdhbaeiDcwzn3cnNPEDOqtON8Wyura+sbm7mt/PbO7t6+fXDYVFEiMWngiEWyHSBFGBWkoalmpB1LgnjASCsYXU/91gORikbiTo9j4nE0EDSkGGkj+XapqxLup7TqTnqpmMBSpXjv07ZPYQkG88JN6VXOYBU6vl1wys4McJm4GSmADHXf/ur2I5xwIjRmSKmO68TaS5HUFDMyyXcTRWKER2hAOoYKxIny0tlZE3hqlD4MI2me0HCm/p5IEVdqzAPTyZEeqkVvKv7ndRIdXnopFXGiicDzRWHCoI7gNCPYp5JgzcaGICyp+SvEQyQR1ibJvAnBXTx5mTQrZdcpu7fnhdpVFkcOHIMTUAQuuAA1cAPqoAEweATP4BW8WU/Wi/VufcxbV6xs5gj8gfX5A1s6nEc=</latexit><latexit sha1_base64="x8svT1VUjG8LTR/zdQqOlRUGm2s=">AAACFnicbVDLSgMxFM34rPU16tJNsAh10TJTBN0Uim5cVrAPaadDJs20oUlmSDJCGfoVbvwVNy4UcSvu/BvTdhbaeiDcwzn3cnNPEDOqtON8Wyura+sbm7mt/PbO7t6+fXDYVFEiMWngiEWyHSBFGBWkoalmpB1LgnjASCsYXU/91gORikbiTo9j4nE0EDSkGGkj+XapqxLup7TqTnqpmMBSpXjv07ZPYQkG88JN6VXOYBU6vl1wys4McJm4GSmADHXf/ur2I5xwIjRmSKmO68TaS5HUFDMyyXcTRWKER2hAOoYKxIny0tlZE3hqlD4MI2me0HCm/p5IEVdqzAPTyZEeqkVvKv7ndRIdXnopFXGiicDzRWHCoI7gNCPYp5JgzcaGICyp+SvEQyQR1ibJvAnBXTx5mTQrZdcpu7fnhdpVFkcOHIMTUAQuuAA1cAPqoAEweATP4BW8WU/Wi/VufcxbV6xs5gj8gfX5A1s6nEc=</latexit><latexit sha1_base64="x8svT1VUjG8LTR/zdQqOlRUGm2s=">AAACFnicbVDLSgMxFM34rPU16tJNsAh10TJTBN0Uim5cVrAPaadDJs20oUlmSDJCGfoVbvwVNy4UcSvu/BvTdhbaeiDcwzn3cnNPEDOqtON8Wyura+sbm7mt/PbO7t6+fXDYVFEiMWngiEWyHSBFGBWkoalmpB1LgnjASCsYXU/91gORikbiTo9j4nE0EDSkGGkj+XapqxLup7TqTnqpmMBSpXjv07ZPYQkG88JN6VXOYBU6vl1wys4McJm4GSmADHXf/ur2I5xwIjRmSKmO68TaS5HUFDMyyXcTRWKER2hAOoYKxIny0tlZE3hqlD4MI2me0HCm/p5IEVdqzAPTyZEeqkVvKv7ndRIdXnopFXGiicDzRWHCoI7gNCPYp5JgzcaGICyp+SvEQyQR1ibJvAnBXTx5mTQrZdcpu7fnhdpVFkcOHIMTUAQuuAA1cAPqoAEweATP4BW8WU/Wi/VufcxbV6xs5gj8gfX5A1s6nEc=</latexit>

b = Ȳ �mX̄

<latexit sha1_base64="hwHBCHxlXmNAb1i+1nKjhGPDZ7s=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi+DGMiOCboSiG5cV7EXaoWTSTBuaZIYkI5RhNr6KGxeKuPUx3Pk2ppeFtv4Q+PjPOZycP0w408bzvp3C0vLK6lpxvbSxubW94+7uNXScKkLrJOaxaoVYU84krRtmOG0limIRctoMhzfjevORKs1ieW9GCQ0E7ksWMYKNtbruQYiuUCfEKnvI0SkSU27lXbfsVbyJ0CL4MyjDTLWu+9XpxSQVVBrCsdZt30tMkGFlGOE0L3VSTRNMhrhP2xYlFlQH2eSAHB1bp4eiWNknDZq4vycyLLQeidB2CmwGer42Nv+rtVMTXQYZk0lqqCTTRVHKkYnROA3UY4oSw0cWMFHM/hWRAVaYGJtZyYbgz5+8CI2ziu9V/LvzcvV6FkcRDuEITsCHC6jCLdSgDgRyeIZXeHOenBfn3fmYthac2cw+/JHz+QOthJUt</latexit><latexit sha1_base64="hwHBCHxlXmNAb1i+1nKjhGPDZ7s=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi+DGMiOCboSiG5cV7EXaoWTSTBuaZIYkI5RhNr6KGxeKuPUx3Pk2ppeFtv4Q+PjPOZycP0w408bzvp3C0vLK6lpxvbSxubW94+7uNXScKkLrJOaxaoVYU84krRtmOG0limIRctoMhzfjevORKs1ieW9GCQ0E7ksWMYKNtbruQYiuUCfEKnvI0SkSU27lXbfsVbyJ0CL4MyjDTLWu+9XpxSQVVBrCsdZt30tMkGFlGOE0L3VSTRNMhrhP2xYlFlQH2eSAHB1bp4eiWNknDZq4vycyLLQeidB2CmwGer42Nv+rtVMTXQYZk0lqqCTTRVHKkYnROA3UY4oSw0cWMFHM/hWRAVaYGJtZyYbgz5+8CI2ziu9V/LvzcvV6FkcRDuEITsCHC6jCLdSgDgRyeIZXeHOenBfn3fmYthac2cw+/JHz+QOthJUt</latexit><latexit sha1_base64="hwHBCHxlXmNAb1i+1nKjhGPDZ7s=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi+DGMiOCboSiG5cV7EXaoWTSTBuaZIYkI5RhNr6KGxeKuPUx3Pk2ppeFtv4Q+PjPOZycP0w408bzvp3C0vLK6lpxvbSxubW94+7uNXScKkLrJOaxaoVYU84krRtmOG0limIRctoMhzfjevORKs1ieW9GCQ0E7ksWMYKNtbruQYiuUCfEKnvI0SkSU27lXbfsVbyJ0CL4MyjDTLWu+9XpxSQVVBrCsdZt30tMkGFlGOE0L3VSTRNMhrhP2xYlFlQH2eSAHB1bp4eiWNknDZq4vycyLLQeidB2CmwGer42Nv+rtVMTXQYZk0lqqCTTRVHKkYnROA3UY4oSw0cWMFHM/hWRAVaYGJtZyYbgz5+8CI2ziu9V/LvzcvV6FkcRDuEITsCHC6jCLdSgDgRyeIZXeHOenBfn3fmYthac2cw+/JHz+QOthJUt</latexit><latexit sha1_base64="hwHBCHxlXmNAb1i+1nKjhGPDZ7s=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi+DGMiOCboSiG5cV7EXaoWTSTBuaZIYkI5RhNr6KGxeKuPUx3Pk2ppeFtv4Q+PjPOZycP0w408bzvp3C0vLK6lpxvbSxubW94+7uNXScKkLrJOaxaoVYU84krRtmOG0limIRctoMhzfjevORKs1ieW9GCQ0E7ksWMYKNtbruQYiuUCfEKnvI0SkSU27lXbfsVbyJ0CL4MyjDTLWu+9XpxSQVVBrCsdZt30tMkGFlGOE0L3VSTRNMhrhP2xYlFlQH2eSAHB1bp4eiWNknDZq4vycyLLQeidB2CmwGer42Nv+rtVMTXQYZk0lqqCTTRVHKkYnROA3UY4oSw0cWMFHM/hWRAVaYGJtZyYbgz5+8CI2ziu9V/LvzcvV6FkcRDuEITsCHC6jCLdSgDgRyeIZXeHOenBfn3fmYthac2cw+/JHz+QOthJUt</latexit>
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@Q

@m
=

nX

i=1

�2Xi(Yi � b�mXi) = 0
<latexit sha1_base64="XMJx4vTyfUZ86d4j9mmLjvojhdw="></latexit><latexit sha1_base64="XMJx4vTyfUZ86d4j9mmLjvojhdw="></latexit><latexit sha1_base64="XMJx4vTyfUZ86d4j9mmLjvojhdw="></latexit><latexit sha1_base64="XMJx4vTyfUZ86d4j9mmLjvojhdw="></latexit>

nX

i=1

�2(YiXi � Ȳ Xi +mX̄Xi �mX2
i ) = 0

<latexit sha1_base64="iQBH7qzQskZKfHNe8j9t5wrxhvc="></latexit><latexit sha1_base64="iQBH7qzQskZKfHNe8j9t5wrxhvc="></latexit><latexit sha1_base64="iQBH7qzQskZKfHNe8j9t5wrxhvc="></latexit><latexit sha1_base64="iQBH7qzQskZKfHNe8j9t5wrxhvc="></latexit>

nX

i=1

�2(YiXi � bXi �mX2
i ) = 0

<latexit sha1_base64="x8svT1VUjG8LTR/zdQqOlRUGm2s=">AAACFnicbVDLSgMxFM34rPU16tJNsAh10TJTBN0Uim5cVrAPaadDJs20oUlmSDJCGfoVbvwVNy4UcSvu/BvTdhbaeiDcwzn3cnNPEDOqtON8Wyura+sbm7mt/PbO7t6+fXDYVFEiMWngiEWyHSBFGBWkoalmpB1LgnjASCsYXU/91gORikbiTo9j4nE0EDSkGGkj+XapqxLup7TqTnqpmMBSpXjv07ZPYQkG88JN6VXOYBU6vl1wys4McJm4GSmADHXf/ur2I5xwIjRmSKmO68TaS5HUFDMyyXcTRWKER2hAOoYKxIny0tlZE3hqlD4MI2me0HCm/p5IEVdqzAPTyZEeqkVvKv7ndRIdXnopFXGiicDzRWHCoI7gNCPYp5JgzcaGICyp+SvEQyQR1ibJvAnBXTx5mTQrZdcpu7fnhdpVFkcOHIMTUAQuuAA1cAPqoAEweATP4BW8WU/Wi/VufcxbV6xs5gj8gfX5A1s6nEc=</latexit><latexit sha1_base64="x8svT1VUjG8LTR/zdQqOlRUGm2s=">AAACFnicbVDLSgMxFM34rPU16tJNsAh10TJTBN0Uim5cVrAPaadDJs20oUlmSDJCGfoVbvwVNy4UcSvu/BvTdhbaeiDcwzn3cnNPEDOqtON8Wyura+sbm7mt/PbO7t6+fXDYVFEiMWngiEWyHSBFGBWkoalmpB1LgnjASCsYXU/91gORikbiTo9j4nE0EDSkGGkj+XapqxLup7TqTnqpmMBSpXjv07ZPYQkG88JN6VXOYBU6vl1wys4McJm4GSmADHXf/ur2I5xwIjRmSKmO68TaS5HUFDMyyXcTRWKER2hAOoYKxIny0tlZE3hqlD4MI2me0HCm/p5IEVdqzAPTyZEeqkVvKv7ndRIdXnopFXGiicDzRWHCoI7gNCPYp5JgzcaGICyp+SvEQyQR1ibJvAnBXTx5mTQrZdcpu7fnhdpVFkcOHIMTUAQuuAA1cAPqoAEweATP4BW8WU/Wi/VufcxbV6xs5gj8gfX5A1s6nEc=</latexit><latexit sha1_base64="x8svT1VUjG8LTR/zdQqOlRUGm2s=">AAACFnicbVDLSgMxFM34rPU16tJNsAh10TJTBN0Uim5cVrAPaadDJs20oUlmSDJCGfoVbvwVNy4UcSvu/BvTdhbaeiDcwzn3cnNPEDOqtON8Wyura+sbm7mt/PbO7t6+fXDYVFEiMWngiEWyHSBFGBWkoalmpB1LgnjASCsYXU/91gORikbiTo9j4nE0EDSkGGkj+XapqxLup7TqTnqpmMBSpXjv07ZPYQkG88JN6VXOYBU6vl1wys4McJm4GSmADHXf/ur2I5xwIjRmSKmO68TaS5HUFDMyyXcTRWKER2hAOoYKxIny0tlZE3hqlD4MI2me0HCm/p5IEVdqzAPTyZEeqkVvKv7ndRIdXnopFXGiicDzRWHCoI7gNCPYp5JgzcaGICyp+SvEQyQR1ibJvAnBXTx5mTQrZdcpu7fnhdpVFkcOHIMTUAQuuAA1cAPqoAEweATP4BW8WU/Wi/VufcxbV6xs5gj8gfX5A1s6nEc=</latexit><latexit sha1_base64="x8svT1VUjG8LTR/zdQqOlRUGm2s=">AAACFnicbVDLSgMxFM34rPU16tJNsAh10TJTBN0Uim5cVrAPaadDJs20oUlmSDJCGfoVbvwVNy4UcSvu/BvTdhbaeiDcwzn3cnNPEDOqtON8Wyura+sbm7mt/PbO7t6+fXDYVFEiMWngiEWyHSBFGBWkoalmpB1LgnjASCsYXU/91gORikbiTo9j4nE0EDSkGGkj+XapqxLup7TqTnqpmMBSpXjv07ZPYQkG88JN6VXOYBU6vl1wys4McJm4GSmADHXf/ur2I5xwIjRmSKmO68TaS5HUFDMyyXcTRWKER2hAOoYKxIny0tlZE3hqlD4MI2me0HCm/p5IEVdqzAPTyZEeqkVvKv7ndRIdXnopFXGiicDzRWHCoI7gNCPYp5JgzcaGICyp+SvEQyQR1ibJvAnBXTx5mTQrZdcpu7fnhdpVFkcOHIMTUAQuuAA1cAPqoAEweATP4BW8WU/Wi/VufcxbV6xs5gj8gfX5A1s6nEc=</latexit>

b = Ȳ �mX̄

<latexit sha1_base64="hwHBCHxlXmNAb1i+1nKjhGPDZ7s=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi+DGMiOCboSiG5cV7EXaoWTSTBuaZIYkI5RhNr6KGxeKuPUx3Pk2ppeFtv4Q+PjPOZycP0w408bzvp3C0vLK6lpxvbSxubW94+7uNXScKkLrJOaxaoVYU84krRtmOG0limIRctoMhzfjevORKs1ieW9GCQ0E7ksWMYKNtbruQYiuUCfEKnvI0SkSU27lXbfsVbyJ0CL4MyjDTLWu+9XpxSQVVBrCsdZt30tMkGFlGOE0L3VSTRNMhrhP2xYlFlQH2eSAHB1bp4eiWNknDZq4vycyLLQeidB2CmwGer42Nv+rtVMTXQYZk0lqqCTTRVHKkYnROA3UY4oSw0cWMFHM/hWRAVaYGJtZyYbgz5+8CI2ziu9V/LvzcvV6FkcRDuEITsCHC6jCLdSgDgRyeIZXeHOenBfn3fmYthac2cw+/JHz+QOthJUt</latexit><latexit sha1_base64="hwHBCHxlXmNAb1i+1nKjhGPDZ7s=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi+DGMiOCboSiG5cV7EXaoWTSTBuaZIYkI5RhNr6KGxeKuPUx3Pk2ppeFtv4Q+PjPOZycP0w408bzvp3C0vLK6lpxvbSxubW94+7uNXScKkLrJOaxaoVYU84krRtmOG0limIRctoMhzfjevORKs1ieW9GCQ0E7ksWMYKNtbruQYiuUCfEKnvI0SkSU27lXbfsVbyJ0CL4MyjDTLWu+9XpxSQVVBrCsdZt30tMkGFlGOE0L3VSTRNMhrhP2xYlFlQH2eSAHB1bp4eiWNknDZq4vycyLLQeidB2CmwGer42Nv+rtVMTXQYZk0lqqCTTRVHKkYnROA3UY4oSw0cWMFHM/hWRAVaYGJtZyYbgz5+8CI2ziu9V/LvzcvV6FkcRDuEITsCHC6jCLdSgDgRyeIZXeHOenBfn3fmYthac2cw+/JHz+QOthJUt</latexit><latexit sha1_base64="hwHBCHxlXmNAb1i+1nKjhGPDZ7s=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi+DGMiOCboSiG5cV7EXaoWTSTBuaZIYkI5RhNr6KGxeKuPUx3Pk2ppeFtv4Q+PjPOZycP0w408bzvp3C0vLK6lpxvbSxubW94+7uNXScKkLrJOaxaoVYU84krRtmOG0limIRctoMhzfjevORKs1ieW9GCQ0E7ksWMYKNtbruQYiuUCfEKnvI0SkSU27lXbfsVbyJ0CL4MyjDTLWu+9XpxSQVVBrCsdZt30tMkGFlGOE0L3VSTRNMhrhP2xYlFlQH2eSAHB1bp4eiWNknDZq4vycyLLQeidB2CmwGer42Nv+rtVMTXQYZk0lqqCTTRVHKkYnROA3UY4oSw0cWMFHM/hWRAVaYGJtZyYbgz5+8CI2ziu9V/LvzcvV6FkcRDuEITsCHC6jCLdSgDgRyeIZXeHOenBfn3fmYthac2cw+/JHz+QOthJUt</latexit><latexit sha1_base64="hwHBCHxlXmNAb1i+1nKjhGPDZ7s=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi+DGMiOCboSiG5cV7EXaoWTSTBuaZIYkI5RhNr6KGxeKuPUx3Pk2ppeFtv4Q+PjPOZycP0w408bzvp3C0vLK6lpxvbSxubW94+7uNXScKkLrJOaxaoVYU84krRtmOG0limIRctoMhzfjevORKs1ieW9GCQ0E7ksWMYKNtbruQYiuUCfEKnvI0SkSU27lXbfsVbyJ0CL4MyjDTLWu+9XpxSQVVBrCsdZt30tMkGFlGOE0L3VSTRNMhrhP2xYlFlQH2eSAHB1bp4eiWNknDZq4vycyLLQeidB2CmwGer42Nv+rtVMTXQYZk0lqqCTTRVHKkYnROA3UY4oSw0cWMFHM/hWRAVaYGJtZyYbgz5+8CI2ziu9V/LvzcvV6FkcRDuEITsCHC6jCLdSgDgRyeIZXeHOenBfn3fmYthac2cw+/JHz+QOthJUt</latexit>
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nX
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�2Xi(Yi � b�mXi) = 0
<latexit sha1_base64="XMJx4vTyfUZ86d4j9mmLjvojhdw="></latexit><latexit sha1_base64="XMJx4vTyfUZ86d4j9mmLjvojhdw="></latexit><latexit sha1_base64="XMJx4vTyfUZ86d4j9mmLjvojhdw="></latexit><latexit sha1_base64="XMJx4vTyfUZ86d4j9mmLjvojhdw="></latexit>

nX

i=1

�2(YiXi � Ȳ Xi +mX̄Xi �mX2
i ) = 0

<latexit sha1_base64="iQBH7qzQskZKfHNe8j9t5wrxhvc="></latexit><latexit sha1_base64="iQBH7qzQskZKfHNe8j9t5wrxhvc="></latexit><latexit sha1_base64="iQBH7qzQskZKfHNe8j9t5wrxhvc="></latexit><latexit sha1_base64="iQBH7qzQskZKfHNe8j9t5wrxhvc="></latexit>

nX

i=1

�2(YiXi � bXi �mX2
i ) = 0

<latexit sha1_base64="x8svT1VUjG8LTR/zdQqOlRUGm2s=">AAACFnicbVDLSgMxFM34rPU16tJNsAh10TJTBN0Uim5cVrAPaadDJs20oUlmSDJCGfoVbvwVNy4UcSvu/BvTdhbaeiDcwzn3cnNPEDOqtON8Wyura+sbm7mt/PbO7t6+fXDYVFEiMWngiEWyHSBFGBWkoalmpB1LgnjASCsYXU/91gORikbiTo9j4nE0EDSkGGkj+XapqxLup7TqTnqpmMBSpXjv07ZPYQkG88JN6VXOYBU6vl1wys4McJm4GSmADHXf/ur2I5xwIjRmSKmO68TaS5HUFDMyyXcTRWKER2hAOoYKxIny0tlZE3hqlD4MI2me0HCm/p5IEVdqzAPTyZEeqkVvKv7ndRIdXnopFXGiicDzRWHCoI7gNCPYp5JgzcaGICyp+SvEQyQR1ibJvAnBXTx5mTQrZdcpu7fnhdpVFkcOHIMTUAQuuAA1cAPqoAEweATP4BW8WU/Wi/VufcxbV6xs5gj8gfX5A1s6nEc=</latexit><latexit sha1_base64="x8svT1VUjG8LTR/zdQqOlRUGm2s=">AAACFnicbVDLSgMxFM34rPU16tJNsAh10TJTBN0Uim5cVrAPaadDJs20oUlmSDJCGfoVbvwVNy4UcSvu/BvTdhbaeiDcwzn3cnNPEDOqtON8Wyura+sbm7mt/PbO7t6+fXDYVFEiMWngiEWyHSBFGBWkoalmpB1LgnjASCsYXU/91gORikbiTo9j4nE0EDSkGGkj+XapqxLup7TqTnqpmMBSpXjv07ZPYQkG88JN6VXOYBU6vl1wys4McJm4GSmADHXf/ur2I5xwIjRmSKmO68TaS5HUFDMyyXcTRWKER2hAOoYKxIny0tlZE3hqlD4MI2me0HCm/p5IEVdqzAPTyZEeqkVvKv7ndRIdXnopFXGiicDzRWHCoI7gNCPYp5JgzcaGICyp+SvEQyQR1ibJvAnBXTx5mTQrZdcpu7fnhdpVFkcOHIMTUAQuuAA1cAPqoAEweATP4BW8WU/Wi/VufcxbV6xs5gj8gfX5A1s6nEc=</latexit><latexit sha1_base64="x8svT1VUjG8LTR/zdQqOlRUGm2s=">AAACFnicbVDLSgMxFM34rPU16tJNsAh10TJTBN0Uim5cVrAPaadDJs20oUlmSDJCGfoVbvwVNy4UcSvu/BvTdhbaeiDcwzn3cnNPEDOqtON8Wyura+sbm7mt/PbO7t6+fXDYVFEiMWngiEWyHSBFGBWkoalmpB1LgnjASCsYXU/91gORikbiTo9j4nE0EDSkGGkj+XapqxLup7TqTnqpmMBSpXjv07ZPYQkG88JN6VXOYBU6vl1wys4McJm4GSmADHXf/ur2I5xwIjRmSKmO68TaS5HUFDMyyXcTRWKER2hAOoYKxIny0tlZE3hqlD4MI2me0HCm/p5IEVdqzAPTyZEeqkVvKv7ndRIdXnopFXGiicDzRWHCoI7gNCPYp5JgzcaGICyp+SvEQyQR1ibJvAnBXTx5mTQrZdcpu7fnhdpVFkcOHIMTUAQuuAA1cAPqoAEweATP4BW8WU/Wi/VufcxbV6xs5gj8gfX5A1s6nEc=</latexit><latexit sha1_base64="x8svT1VUjG8LTR/zdQqOlRUGm2s=">AAACFnicbVDLSgMxFM34rPU16tJNsAh10TJTBN0Uim5cVrAPaadDJs20oUlmSDJCGfoVbvwVNy4UcSvu/BvTdhbaeiDcwzn3cnNPEDOqtON8Wyura+sbm7mt/PbO7t6+fXDYVFEiMWngiEWyHSBFGBWkoalmpB1LgnjASCsYXU/91gORikbiTo9j4nE0EDSkGGkj+XapqxLup7TqTnqpmMBSpXjv07ZPYQkG88JN6VXOYBU6vl1wys4McJm4GSmADHXf/ur2I5xwIjRmSKmO68TaS5HUFDMyyXcTRWKER2hAOoYKxIny0tlZE3hqlD4MI2me0HCm/p5IEVdqzAPTyZEeqkVvKv7ndRIdXnopFXGiicDzRWHCoI7gNCPYp5JgzcaGICyp+SvEQyQR1ibJvAnBXTx5mTQrZdcpu7fnhdpVFkcOHIMTUAQuuAA1cAPqoAEweATP4BW8WU/Wi/VufcxbV6xs5gj8gfX5A1s6nEc=</latexit>

b = Ȳ �mX̄

<latexit sha1_base64="hwHBCHxlXmNAb1i+1nKjhGPDZ7s=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi+DGMiOCboSiG5cV7EXaoWTSTBuaZIYkI5RhNr6KGxeKuPUx3Pk2ppeFtv4Q+PjPOZycP0w408bzvp3C0vLK6lpxvbSxubW94+7uNXScKkLrJOaxaoVYU84krRtmOG0limIRctoMhzfjevORKs1ieW9GCQ0E7ksWMYKNtbruQYiuUCfEKnvI0SkSU27lXbfsVbyJ0CL4MyjDTLWu+9XpxSQVVBrCsdZt30tMkGFlGOE0L3VSTRNMhrhP2xYlFlQH2eSAHB1bp4eiWNknDZq4vycyLLQeidB2CmwGer42Nv+rtVMTXQYZk0lqqCTTRVHKkYnROA3UY4oSw0cWMFHM/hWRAVaYGJtZyYbgz5+8CI2ziu9V/LvzcvV6FkcRDuEITsCHC6jCLdSgDgRyeIZXeHOenBfn3fmYthac2cw+/JHz+QOthJUt</latexit><latexit sha1_base64="hwHBCHxlXmNAb1i+1nKjhGPDZ7s=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi+DGMiOCboSiG5cV7EXaoWTSTBuaZIYkI5RhNr6KGxeKuPUx3Pk2ppeFtv4Q+PjPOZycP0w408bzvp3C0vLK6lpxvbSxubW94+7uNXScKkLrJOaxaoVYU84krRtmOG0limIRctoMhzfjevORKs1ieW9GCQ0E7ksWMYKNtbruQYiuUCfEKnvI0SkSU27lXbfsVbyJ0CL4MyjDTLWu+9XpxSQVVBrCsdZt30tMkGFlGOE0L3VSTRNMhrhP2xYlFlQH2eSAHB1bp4eiWNknDZq4vycyLLQeidB2CmwGer42Nv+rtVMTXQYZk0lqqCTTRVHKkYnROA3UY4oSw0cWMFHM/hWRAVaYGJtZyYbgz5+8CI2ziu9V/LvzcvV6FkcRDuEITsCHC6jCLdSgDgRyeIZXeHOenBfn3fmYthac2cw+/JHz+QOthJUt</latexit><latexit sha1_base64="hwHBCHxlXmNAb1i+1nKjhGPDZ7s=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi+DGMiOCboSiG5cV7EXaoWTSTBuaZIYkI5RhNr6KGxeKuPUx3Pk2ppeFtv4Q+PjPOZycP0w408bzvp3C0vLK6lpxvbSxubW94+7uNXScKkLrJOaxaoVYU84krRtmOG0limIRctoMhzfjevORKs1ieW9GCQ0E7ksWMYKNtbruQYiuUCfEKnvI0SkSU27lXbfsVbyJ0CL4MyjDTLWu+9XpxSQVVBrCsdZt30tMkGFlGOE0L3VSTRNMhrhP2xYlFlQH2eSAHB1bp4eiWNknDZq4vycyLLQeidB2CmwGer42Nv+rtVMTXQYZk0lqqCTTRVHKkYnROA3UY4oSw0cWMFHM/hWRAVaYGJtZyYbgz5+8CI2ziu9V/LvzcvV6FkcRDuEITsCHC6jCLdSgDgRyeIZXeHOenBfn3fmYthac2cw+/JHz+QOthJUt</latexit><latexit sha1_base64="hwHBCHxlXmNAb1i+1nKjhGPDZ7s=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi+DGMiOCboSiG5cV7EXaoWTSTBuaZIYkI5RhNr6KGxeKuPUx3Pk2ppeFtv4Q+PjPOZycP0w408bzvp3C0vLK6lpxvbSxubW94+7uNXScKkLrJOaxaoVYU84krRtmOG0limIRctoMhzfjevORKs1ieW9GCQ0E7ksWMYKNtbruQYiuUCfEKnvI0SkSU27lXbfsVbyJ0CL4MyjDTLWu+9XpxSQVVBrCsdZt30tMkGFlGOE0L3VSTRNMhrhP2xYlFlQH2eSAHB1bp4eiWNknDZq4vycyLLQeidB2CmwGer42Nv+rtVMTXQYZk0lqqCTTRVHKkYnROA3UY4oSw0cWMFHM/hWRAVaYGJtZyYbgz5+8CI2ziu9V/LvzcvV6FkcRDuEITsCHC6jCLdSgDgRyeIZXeHOenBfn3fmYthac2cw+/JHz+QOthJUt</latexit>

nX

i=1

(YiXi � Ȳ Xi)�m
nX

i=1

X2
i � X̄Xi = 0

<latexit sha1_base64="Qe6QE2M7IE4NLr2AokK6lBElCPE="></latexit><latexit sha1_base64="Qe6QE2M7IE4NLr2AokK6lBElCPE="></latexit><latexit sha1_base64="Qe6QE2M7IE4NLr2AokK6lBElCPE="></latexit><latexit sha1_base64="Qe6QE2M7IE4NLr2AokK6lBElCPE="></latexit>
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nX

i=1

(YiXi � Ȳ Xi)�m
nX

i=1

X2
i � X̄Xi = 0

<latexit sha1_base64="Qe6QE2M7IE4NLr2AokK6lBElCPE="></latexit><latexit sha1_base64="Qe6QE2M7IE4NLr2AokK6lBElCPE="></latexit><latexit sha1_base64="Qe6QE2M7IE4NLr2AokK6lBElCPE="></latexit><latexit sha1_base64="Qe6QE2M7IE4NLr2AokK6lBElCPE="></latexit>
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<latexit sha1_base64="Qe6QE2M7IE4NLr2AokK6lBElCPE="></latexit><latexit sha1_base64="Qe6QE2M7IE4NLr2AokK6lBElCPE="></latexit><latexit sha1_base64="Qe6QE2M7IE4NLr2AokK6lBElCPE="></latexit><latexit sha1_base64="Qe6QE2M7IE4NLr2AokK6lBElCPE="></latexit>

m =

Pn
i=1(YiXi � Ȳ Xi)Pn
i=1 X
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i � X̄Xi

=

Pn
i=1(XiYi)� nX̄ȲPn
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2
i )� nX̄2

<latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit>
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<latexit sha1_base64="Qe6QE2M7IE4NLr2AokK6lBElCPE="></latexit><latexit sha1_base64="Qe6QE2M7IE4NLr2AokK6lBElCPE="></latexit><latexit sha1_base64="Qe6QE2M7IE4NLr2AokK6lBElCPE="></latexit><latexit sha1_base64="Qe6QE2M7IE4NLr2AokK6lBElCPE="></latexit>

m =

Pn
i=1(YiXi � Ȳ Xi)Pn
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<latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit>
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<latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit>
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<latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit>
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i=1 X

2
i � X̄Xi

=

Pn
i=1(XiYi)� nX̄ȲPn
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b =

Pn
i=1(XiYi �XiȲ ) +

Pn
i=1(X̄Ȳ � YiX̄)Pn

i=1(X
2
i �XiX̄) +

Pn
i=1(X̄

2 �XiX̄)
<latexit sha1_base64="XtWxUo8inKksERpz3fsP2/Trn3U="></latexit><latexit sha1_base64="XtWxUo8inKksERpz3fsP2/Trn3U="></latexit><latexit sha1_base64="XtWxUo8inKksERpz3fsP2/Trn3U="></latexit><latexit sha1_base64="XtWxUo8inKksERpz3fsP2/Trn3U="></latexit>

b =
1
n

Pn
i=1(Xi � X̄)(Yi � Ȳ )
1
n

Pn
i=1(Xi � X̄)2

<latexit sha1_base64="0ViBhlCzUMZZC3pm2rYT8IPONgY="></latexit><latexit sha1_base64="0ViBhlCzUMZZC3pm2rYT8IPONgY="></latexit><latexit sha1_base64="0ViBhlCzUMZZC3pm2rYT8IPONgY="></latexit><latexit sha1_base64="0ViBhlCzUMZZC3pm2rYT8IPONgY="></latexit>

b =
Cov(X,Y )

V ar(X)
<latexit sha1_base64="WPNm1YuVK0X591E2DeKZG6XXKYA=">AAACB3icbVBNS8NAEN3Urxq/oh4FWSxCC1ISEfQiFHvxWMG2kTaUzXbTLt1swu6mUEJuXvwrXjwo4tW/4M1/47bNQVsfDDzem2Fmnh8zKpVtfxuFldW19Y3iprm1vbO7Z+0ftGSUCEyaOGKRcH0kCaOcNBVVjLixICj0GWn7o/rUb4+JkDTi92oSEy9EA04DipHSUs869uE17AYC4dSsR+OyewYfKllqtpAou5WsZ5Xsqj0DXCZOTkogR6NnfXX7EU5CwhVmSMqOY8fKS5FQFDOSmd1EkhjhERqQjqYchUR66eyPDJ5qpQ+DSOjiCs7U3xMpCqWchL7uDJEaykVvKv7ndRIVXHkp5XGiCMfzRUHCoIrgNBTYp4JgxSaaICyovhXiIdKhKB2dqUNwFl9eJq3zqmNXnbuLUu0mj6MIjsAJKAMHXIIauAUN0AQYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+ADg1lvo=</latexit><latexit sha1_base64="WPNm1YuVK0X591E2DeKZG6XXKYA=">AAACB3icbVBNS8NAEN3Urxq/oh4FWSxCC1ISEfQiFHvxWMG2kTaUzXbTLt1swu6mUEJuXvwrXjwo4tW/4M1/47bNQVsfDDzem2Fmnh8zKpVtfxuFldW19Y3iprm1vbO7Z+0ftGSUCEyaOGKRcH0kCaOcNBVVjLixICj0GWn7o/rUb4+JkDTi92oSEy9EA04DipHSUs869uE17AYC4dSsR+OyewYfKllqtpAou5WsZ5Xsqj0DXCZOTkogR6NnfXX7EU5CwhVmSMqOY8fKS5FQFDOSmd1EkhjhERqQjqYchUR66eyPDJ5qpQ+DSOjiCs7U3xMpCqWchL7uDJEaykVvKv7ndRIVXHkp5XGiCMfzRUHCoIrgNBTYp4JgxSaaICyovhXiIdKhKB2dqUNwFl9eJq3zqmNXnbuLUu0mj6MIjsAJKAMHXIIauAUN0AQYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+ADg1lvo=</latexit><latexit sha1_base64="WPNm1YuVK0X591E2DeKZG6XXKYA=">AAACB3icbVBNS8NAEN3Urxq/oh4FWSxCC1ISEfQiFHvxWMG2kTaUzXbTLt1swu6mUEJuXvwrXjwo4tW/4M1/47bNQVsfDDzem2Fmnh8zKpVtfxuFldW19Y3iprm1vbO7Z+0ftGSUCEyaOGKRcH0kCaOcNBVVjLixICj0GWn7o/rUb4+JkDTi92oSEy9EA04DipHSUs869uE17AYC4dSsR+OyewYfKllqtpAou5WsZ5Xsqj0DXCZOTkogR6NnfXX7EU5CwhVmSMqOY8fKS5FQFDOSmd1EkhjhERqQjqYchUR66eyPDJ5qpQ+DSOjiCs7U3xMpCqWchL7uDJEaykVvKv7ndRIVXHkp5XGiCMfzRUHCoIrgNBTYp4JgxSaaICyovhXiIdKhKB2dqUNwFl9eJq3zqmNXnbuLUu0mj6MIjsAJKAMHXIIauAUN0AQYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+ADg1lvo=</latexit><latexit sha1_base64="WPNm1YuVK0X591E2DeKZG6XXKYA=">AAACB3icbVBNS8NAEN3Urxq/oh4FWSxCC1ISEfQiFHvxWMG2kTaUzXbTLt1swu6mUEJuXvwrXjwo4tW/4M1/47bNQVsfDDzem2Fmnh8zKpVtfxuFldW19Y3iprm1vbO7Z+0ftGSUCEyaOGKRcH0kCaOcNBVVjLixICj0GWn7o/rUb4+JkDTi92oSEy9EA04DipHSUs869uE17AYC4dSsR+OyewYfKllqtpAou5WsZ5Xsqj0DXCZOTkogR6NnfXX7EU5CwhVmSMqOY8fKS5FQFDOSmd1EkhjhERqQjqYchUR66eyPDJ5qpQ+DSOjiCs7U3xMpCqWchL7uDJEaykVvKv7ndRIVXHkp5XGiCMfzRUHCoIrgNBTYp4JgxSaaICyovhXiIdKhKB2dqUNwFl9eJq3zqmNXnbuLUu0mj6MIjsAJKAMHXIIauAUN0AQYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+ADg1lvo=</latexit>
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<latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit>
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<latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit>

m =

Pn
i=1(YiXi � Ȳ Xi)Pn
i=1 X

2
i � X̄Xi

=

Pn
i=1(XiYi)� nX̄ȲPn
i=1(X
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i )� nX̄2

<latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit>
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m =

Pn
i=1(YiXi � Ȳ Xi)Pn
i=1 X

2
i � X̄Xi
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Pn
i=1(XiYi)� nX̄ȲPn
i=1(X

2
i )� nX̄2

<latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit>

m =

Pn
i=1(YiXi � Ȳ Xi)Pn
i=1 X

2
i � X̄Xi

=

Pn
i=1(XiYi)� nX̄ȲPn
i=1(X

2
i )� nX̄2

<latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit>

nX

i=1

X̄
2 �XiX̄

= 0

<latexit sha1_base64="BDBWt2Dv567iG5rDJ2/6aqKy1EU=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQhSUpgm4KRTcuK9g20KRhMp20QyeTMDMRSsg3uPFX3LhQxK0rd/6N0zYLbT1w4cw59zL3niBhVCrL+jZKK6tr6xvlzcrW9s7unrl/0JFxKjBp45jFwgmQJIxy0lZUMeIkgqAoYKQbjG+mfveBCEljfq8mCfEiNOQ0pBgpLfnmmSvTyM9ow877Gc+hGyCROXm/Ds+h49PiCRvQ8s2qVbNmgMvELkgVFGj55pc7iHEaEa4wQ1L2bCtRXoaEopiRvOKmkiQIj9GQ9DTlKCLSy2Yn5fBEKwMYxkIXV3Cm/p7IUCTlJAp0Z4TUSC56U/E/r5eq8MrLKE9SRTiefxSmDKoYTvOBAyoIVmyiCcKC6l0hHiGBsNIpVnQI9uLJy6RTr9lWzb67qDavizjK4Agcg1Ngg0vQBLegBdoAg0fwDF7Bm/FkvBjvxse8tWQUM4fgD4zPH1dtnJQ=</latexit><latexit sha1_base64="BDBWt2Dv567iG5rDJ2/6aqKy1EU=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQhSUpgm4KRTcuK9g20KRhMp20QyeTMDMRSsg3uPFX3LhQxK0rd/6N0zYLbT1w4cw59zL3niBhVCrL+jZKK6tr6xvlzcrW9s7unrl/0JFxKjBp45jFwgmQJIxy0lZUMeIkgqAoYKQbjG+mfveBCEljfq8mCfEiNOQ0pBgpLfnmmSvTyM9ow877Gc+hGyCROXm/Ds+h49PiCRvQ8s2qVbNmgMvELkgVFGj55pc7iHEaEa4wQ1L2bCtRXoaEopiRvOKmkiQIj9GQ9DTlKCLSy2Yn5fBEKwMYxkIXV3Cm/p7IUCTlJAp0Z4TUSC56U/E/r5eq8MrLKE9SRTiefxSmDKoYTvOBAyoIVmyiCcKC6l0hHiGBsNIpVnQI9uLJy6RTr9lWzb67qDavizjK4Agcg1Ngg0vQBLegBdoAg0fwDF7Bm/FkvBjvxse8tWQUM4fgD4zPH1dtnJQ=</latexit><latexit sha1_base64="BDBWt2Dv567iG5rDJ2/6aqKy1EU=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQhSUpgm4KRTcuK9g20KRhMp20QyeTMDMRSsg3uPFX3LhQxK0rd/6N0zYLbT1w4cw59zL3niBhVCrL+jZKK6tr6xvlzcrW9s7unrl/0JFxKjBp45jFwgmQJIxy0lZUMeIkgqAoYKQbjG+mfveBCEljfq8mCfEiNOQ0pBgpLfnmmSvTyM9ow877Gc+hGyCROXm/Ds+h49PiCRvQ8s2qVbNmgMvELkgVFGj55pc7iHEaEa4wQ1L2bCtRXoaEopiRvOKmkiQIj9GQ9DTlKCLSy2Yn5fBEKwMYxkIXV3Cm/p7IUCTlJAp0Z4TUSC56U/E/r5eq8MrLKE9SRTiefxSmDKoYTvOBAyoIVmyiCcKC6l0hHiGBsNIpVnQI9uLJy6RTr9lWzb67qDavizjK4Agcg1Ngg0vQBLegBdoAg0fwDF7Bm/FkvBjvxse8tWQUM4fgD4zPH1dtnJQ=</latexit><latexit sha1_base64="BDBWt2Dv567iG5rDJ2/6aqKy1EU=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQhSUpgm4KRTcuK9g20KRhMp20QyeTMDMRSsg3uPFX3LhQxK0rd/6N0zYLbT1w4cw59zL3niBhVCrL+jZKK6tr6xvlzcrW9s7unrl/0JFxKjBp45jFwgmQJIxy0lZUMeIkgqAoYKQbjG+mfveBCEljfq8mCfEiNOQ0pBgpLfnmmSvTyM9ow877Gc+hGyCROXm/Ds+h49PiCRvQ8s2qVbNmgMvELkgVFGj55pc7iHEaEa4wQ1L2bCtRXoaEopiRvOKmkiQIj9GQ9DTlKCLSy2Yn5fBEKwMYxkIXV3Cm/p7IUCTlJAp0Z4TUSC56U/E/r5eq8MrLKE9SRTiefxSmDKoYTvOBAyoIVmyiCcKC6l0hHiGBsNIpVnQI9uLJy6RTr9lWzb67qDavizjK4Agcg1Ngg0vQBLegBdoAg0fwDF7Bm/FkvBjvxse8tWQUM4fgD4zPH1dtnJQ=</latexit>

nX

i=1

X̄Ȳ � YiX̄
= 0

<latexit sha1_base64="W2/yXJji0tqJgKBksdg2JI8bXWk=">AAACF3icbVDLSsNAFJ34rPUVdelmsAhuDIkIuikU3bisYF80MUymk3boZBJmJkIJ+Qs3/oobF4q41Z1/4zTNQlsPXO7hnHuZuSdIGJXKtr+NpeWV1bX1ykZ1c2t7Z9fc22/LOBWYtHDMYtENkCSMctJSVDHSTQRBUcBIJxhfT/3OAxGSxvxOTRLiRWjIaUgxUlryTcuVaeRntO7k9xnPoRsgkXXzovVyeAp7Pi01WIe2b9Zsyy4AF4lTkhoo0fTNL3cQ4zQiXGGGpOw7dqK8DAlFMSN51U0lSRAeoyHpa8pRRKSXFXfl8FgrAxjGQhdXsFB/b2QoknISBXoyQmok572p+J/XT1V46WWUJ6kiHM8eClMGVQynIcEBFQQrNtEEYUH1XyEeIYGw0lFWdQjO/MmLpH1mObbl3J7XGldlHBVwCI7ACXDABWiAG9AELYDBI3gGr+DNeDJejHfjYza6ZJQ7B+APjM8f8rifGQ==</latexit><latexit sha1_base64="W2/yXJji0tqJgKBksdg2JI8bXWk=">AAACF3icbVDLSsNAFJ34rPUVdelmsAhuDIkIuikU3bisYF80MUymk3boZBJmJkIJ+Qs3/oobF4q41Z1/4zTNQlsPXO7hnHuZuSdIGJXKtr+NpeWV1bX1ykZ1c2t7Z9fc22/LOBWYtHDMYtENkCSMctJSVDHSTQRBUcBIJxhfT/3OAxGSxvxOTRLiRWjIaUgxUlryTcuVaeRntO7k9xnPoRsgkXXzovVyeAp7Pi01WIe2b9Zsyy4AF4lTkhoo0fTNL3cQ4zQiXGGGpOw7dqK8DAlFMSN51U0lSRAeoyHpa8pRRKSXFXfl8FgrAxjGQhdXsFB/b2QoknISBXoyQmok572p+J/XT1V46WWUJ6kiHM8eClMGVQynIcEBFQQrNtEEYUH1XyEeIYGw0lFWdQjO/MmLpH1mObbl3J7XGldlHBVwCI7ACXDABWiAG9AELYDBI3gGr+DNeDJejHfjYza6ZJQ7B+APjM8f8rifGQ==</latexit><latexit sha1_base64="W2/yXJji0tqJgKBksdg2JI8bXWk=">AAACF3icbVDLSsNAFJ34rPUVdelmsAhuDIkIuikU3bisYF80MUymk3boZBJmJkIJ+Qs3/oobF4q41Z1/4zTNQlsPXO7hnHuZuSdIGJXKtr+NpeWV1bX1ykZ1c2t7Z9fc22/LOBWYtHDMYtENkCSMctJSVDHSTQRBUcBIJxhfT/3OAxGSxvxOTRLiRWjIaUgxUlryTcuVaeRntO7k9xnPoRsgkXXzovVyeAp7Pi01WIe2b9Zsyy4AF4lTkhoo0fTNL3cQ4zQiXGGGpOw7dqK8DAlFMSN51U0lSRAeoyHpa8pRRKSXFXfl8FgrAxjGQhdXsFB/b2QoknISBXoyQmok572p+J/XT1V46WWUJ6kiHM8eClMGVQynIcEBFQQrNtEEYUH1XyEeIYGw0lFWdQjO/MmLpH1mObbl3J7XGldlHBVwCI7ACXDABWiAG9AELYDBI3gGr+DNeDJejHfjYza6ZJQ7B+APjM8f8rifGQ==</latexit><latexit sha1_base64="W2/yXJji0tqJgKBksdg2JI8bXWk=">AAACF3icbVDLSsNAFJ34rPUVdelmsAhuDIkIuikU3bisYF80MUymk3boZBJmJkIJ+Qs3/oobF4q41Z1/4zTNQlsPXO7hnHuZuSdIGJXKtr+NpeWV1bX1ykZ1c2t7Z9fc22/LOBWYtHDMYtENkCSMctJSVDHSTQRBUcBIJxhfT/3OAxGSxvxOTRLiRWjIaUgxUlryTcuVaeRntO7k9xnPoRsgkXXzovVyeAp7Pi01WIe2b9Zsyy4AF4lTkhoo0fTNL3cQ4zQiXGGGpOw7dqK8DAlFMSN51U0lSRAeoyHpa8pRRKSXFXfl8FgrAxjGQhdXsFB/b2QoknISBXoyQmok572p+J/XT1V46WWUJ6kiHM8eClMGVQynIcEBFQQrNtEEYUH1XyEeIYGw0lFWdQjO/MmLpH1mObbl3J7XGldlHBVwCI7ACXDABWiAG9AELYDBI3gGr+DNeDJejHfjYza6ZJQ7B+APjM8f8rifGQ==</latexit>

b =
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<latexit sha1_base64="XtWxUo8inKksERpz3fsP2/Trn3U="></latexit><latexit sha1_base64="XtWxUo8inKksERpz3fsP2/Trn3U="></latexit><latexit sha1_base64="XtWxUo8inKksERpz3fsP2/Trn3U="></latexit><latexit sha1_base64="XtWxUo8inKksERpz3fsP2/Trn3U="></latexit>
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1
n

Pn
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<latexit sha1_base64="0ViBhlCzUMZZC3pm2rYT8IPONgY="></latexit><latexit sha1_base64="0ViBhlCzUMZZC3pm2rYT8IPONgY="></latexit><latexit sha1_base64="0ViBhlCzUMZZC3pm2rYT8IPONgY="></latexit><latexit sha1_base64="0ViBhlCzUMZZC3pm2rYT8IPONgY="></latexit>

b =
Cov(X,Y )

V ar(X)
<latexit sha1_base64="WPNm1YuVK0X591E2DeKZG6XXKYA=">AAACB3icbVBNS8NAEN3Urxq/oh4FWSxCC1ISEfQiFHvxWMG2kTaUzXbTLt1swu6mUEJuXvwrXjwo4tW/4M1/47bNQVsfDDzem2Fmnh8zKpVtfxuFldW19Y3iprm1vbO7Z+0ftGSUCEyaOGKRcH0kCaOcNBVVjLixICj0GWn7o/rUb4+JkDTi92oSEy9EA04DipHSUs869uE17AYC4dSsR+OyewYfKllqtpAou5WsZ5Xsqj0DXCZOTkogR6NnfXX7EU5CwhVmSMqOY8fKS5FQFDOSmd1EkhjhERqQjqYchUR66eyPDJ5qpQ+DSOjiCs7U3xMpCqWchL7uDJEaykVvKv7ndRIVXHkp5XGiCMfzRUHCoIrgNBTYp4JgxSaaICyovhXiIdKhKB2dqUNwFl9eJq3zqmNXnbuLUu0mj6MIjsAJKAMHXIIauAUN0AQYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+ADg1lvo=</latexit><latexit sha1_base64="WPNm1YuVK0X591E2DeKZG6XXKYA=">AAACB3icbVBNS8NAEN3Urxq/oh4FWSxCC1ISEfQiFHvxWMG2kTaUzXbTLt1swu6mUEJuXvwrXjwo4tW/4M1/47bNQVsfDDzem2Fmnh8zKpVtfxuFldW19Y3iprm1vbO7Z+0ftGSUCEyaOGKRcH0kCaOcNBVVjLixICj0GWn7o/rUb4+JkDTi92oSEy9EA04DipHSUs869uE17AYC4dSsR+OyewYfKllqtpAou5WsZ5Xsqj0DXCZOTkogR6NnfXX7EU5CwhVmSMqOY8fKS5FQFDOSmd1EkhjhERqQjqYchUR66eyPDJ5qpQ+DSOjiCs7U3xMpCqWchL7uDJEaykVvKv7ndRIVXHkp5XGiCMfzRUHCoIrgNBTYp4JgxSaaICyovhXiIdKhKB2dqUNwFl9eJq3zqmNXnbuLUu0mj6MIjsAJKAMHXIIauAUN0AQYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+ADg1lvo=</latexit><latexit sha1_base64="WPNm1YuVK0X591E2DeKZG6XXKYA=">AAACB3icbVBNS8NAEN3Urxq/oh4FWSxCC1ISEfQiFHvxWMG2kTaUzXbTLt1swu6mUEJuXvwrXjwo4tW/4M1/47bNQVsfDDzem2Fmnh8zKpVtfxuFldW19Y3iprm1vbO7Z+0ftGSUCEyaOGKRcH0kCaOcNBVVjLixICj0GWn7o/rUb4+JkDTi92oSEy9EA04DipHSUs869uE17AYC4dSsR+OyewYfKllqtpAou5WsZ5Xsqj0DXCZOTkogR6NnfXX7EU5CwhVmSMqOY8fKS5FQFDOSmd1EkhjhERqQjqYchUR66eyPDJ5qpQ+DSOjiCs7U3xMpCqWchL7uDJEaykVvKv7ndRIVXHkp5XGiCMfzRUHCoIrgNBTYp4JgxSaaICyovhXiIdKhKB2dqUNwFl9eJq3zqmNXnbuLUu0mj6MIjsAJKAMHXIIauAUN0AQYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+ADg1lvo=</latexit><latexit sha1_base64="WPNm1YuVK0X591E2DeKZG6XXKYA=">AAACB3icbVBNS8NAEN3Urxq/oh4FWSxCC1ISEfQiFHvxWMG2kTaUzXbTLt1swu6mUEJuXvwrXjwo4tW/4M1/47bNQVsfDDzem2Fmnh8zKpVtfxuFldW19Y3iprm1vbO7Z+0ftGSUCEyaOGKRcH0kCaOcNBVVjLixICj0GWn7o/rUb4+JkDTi92oSEy9EA04DipHSUs869uE17AYC4dSsR+OyewYfKllqtpAou5WsZ5Xsqj0DXCZOTkogR6NnfXX7EU5CwhVmSMqOY8fKS5FQFDOSmd1EkhjhERqQjqYchUR66eyPDJ5qpQ+DSOjiCs7U3xMpCqWchL7uDJEaykVvKv7ndRIVXHkp5XGiCMfzRUHCoIrgNBTYp4JgxSaaICyovhXiIdKhKB2dqUNwFl9eJq3zqmNXnbuLUu0mj6MIjsAJKAMHXIIauAUN0AQYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+ADg1lvo=</latexit>

m =

Pn
i=1(YiXi � Ȳ Xi)Pn
i=1 X
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i � X̄Xi
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Pn
i=1(XiYi)� nX̄ȲPn
i=1(X

2
i )� nX̄2

<latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit>

m =

Pn
i=1(YiXi � Ȳ Xi)Pn
i=1 X

2
i � X̄Xi

=

Pn
i=1(XiYi)� nX̄ȲPn
i=1(X

2
i )� nX̄2

<latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit>

m =

Pn
i=1(YiXi � Ȳ Xi)Pn
i=1 X
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i � X̄Xi
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Pn
i=1(XiYi)� nX̄ȲPn
i=1(X
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i )� nX̄2

<latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit>
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b =
Cov(X,Y )

V ar(X)
<latexit sha1_base64="WPNm1YuVK0X591E2DeKZG6XXKYA=">AAACB3icbVBNS8NAEN3Urxq/oh4FWSxCC1ISEfQiFHvxWMG2kTaUzXbTLt1swu6mUEJuXvwrXjwo4tW/4M1/47bNQVsfDDzem2Fmnh8zKpVtfxuFldW19Y3iprm1vbO7Z+0ftGSUCEyaOGKRcH0kCaOcNBVVjLixICj0GWn7o/rUb4+JkDTi92oSEy9EA04DipHSUs869uE17AYC4dSsR+OyewYfKllqtpAou5WsZ5Xsqj0DXCZOTkogR6NnfXX7EU5CwhVmSMqOY8fKS5FQFDOSmd1EkhjhERqQjqYchUR66eyPDJ5qpQ+DSOjiCs7U3xMpCqWchL7uDJEaykVvKv7ndRIVXHkp5XGiCMfzRUHCoIrgNBTYp4JgxSaaICyovhXiIdKhKB2dqUNwFl9eJq3zqmNXnbuLUu0mj6MIjsAJKAMHXIIauAUN0AQYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+ADg1lvo=</latexit><latexit sha1_base64="WPNm1YuVK0X591E2DeKZG6XXKYA=">AAACB3icbVBNS8NAEN3Urxq/oh4FWSxCC1ISEfQiFHvxWMG2kTaUzXbTLt1swu6mUEJuXvwrXjwo4tW/4M1/47bNQVsfDDzem2Fmnh8zKpVtfxuFldW19Y3iprm1vbO7Z+0ftGSUCEyaOGKRcH0kCaOcNBVVjLixICj0GWn7o/rUb4+JkDTi92oSEy9EA04DipHSUs869uE17AYC4dSsR+OyewYfKllqtpAou5WsZ5Xsqj0DXCZOTkogR6NnfXX7EU5CwhVmSMqOY8fKS5FQFDOSmd1EkhjhERqQjqYchUR66eyPDJ5qpQ+DSOjiCs7U3xMpCqWchL7uDJEaykVvKv7ndRIVXHkp5XGiCMfzRUHCoIrgNBTYp4JgxSaaICyovhXiIdKhKB2dqUNwFl9eJq3zqmNXnbuLUu0mj6MIjsAJKAMHXIIauAUN0AQYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+ADg1lvo=</latexit><latexit sha1_base64="WPNm1YuVK0X591E2DeKZG6XXKYA=">AAACB3icbVBNS8NAEN3Urxq/oh4FWSxCC1ISEfQiFHvxWMG2kTaUzXbTLt1swu6mUEJuXvwrXjwo4tW/4M1/47bNQVsfDDzem2Fmnh8zKpVtfxuFldW19Y3iprm1vbO7Z+0ftGSUCEyaOGKRcH0kCaOcNBVVjLixICj0GWn7o/rUb4+JkDTi92oSEy9EA04DipHSUs869uE17AYC4dSsR+OyewYfKllqtpAou5WsZ5Xsqj0DXCZOTkogR6NnfXX7EU5CwhVmSMqOY8fKS5FQFDOSmd1EkhjhERqQjqYchUR66eyPDJ5qpQ+DSOjiCs7U3xMpCqWchL7uDJEaykVvKv7ndRIVXHkp5XGiCMfzRUHCoIrgNBTYp4JgxSaaICyovhXiIdKhKB2dqUNwFl9eJq3zqmNXnbuLUu0mj6MIjsAJKAMHXIIauAUN0AQYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+ADg1lvo=</latexit><latexit sha1_base64="WPNm1YuVK0X591E2DeKZG6XXKYA=">AAACB3icbVBNS8NAEN3Urxq/oh4FWSxCC1ISEfQiFHvxWMG2kTaUzXbTLt1swu6mUEJuXvwrXjwo4tW/4M1/47bNQVsfDDzem2Fmnh8zKpVtfxuFldW19Y3iprm1vbO7Z+0ftGSUCEyaOGKRcH0kCaOcNBVVjLixICj0GWn7o/rUb4+JkDTi92oSEy9EA04DipHSUs869uE17AYC4dSsR+OyewYfKllqtpAou5WsZ5Xsqj0DXCZOTkogR6NnfXX7EU5CwhVmSMqOY8fKS5FQFDOSmd1EkhjhERqQjqYchUR66eyPDJ5qpQ+DSOjiCs7U3xMpCqWchL7uDJEaykVvKv7ndRIVXHkp5XGiCMfzRUHCoIrgNBTYp4JgxSaaICyovhXiIdKhKB2dqUNwFl9eJq3zqmNXnbuLUu0mj6MIjsAJKAMHXIIauAUN0AQYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+ADg1lvo=</latexit>

m =

Pn
i=1(YiXi � Ȳ Xi)Pn
i=1 X

2
i � X̄Xi

=

Pn
i=1(XiYi)� nX̄ȲPn
i=1(X

2
i )� nX̄2

<latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit>

b = Ȳ �mX̄
<latexit sha1_base64="hwHBCHxlXmNAb1i+1nKjhGPDZ7s=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi+DGMiOCboSiG5cV7EXaoWTSTBuaZIYkI5RhNr6KGxeKuPUx3Pk2ppeFtv4Q+PjPOZycP0w408bzvp3C0vLK6lpxvbSxubW94+7uNXScKkLrJOaxaoVYU84krRtmOG0limIRctoMhzfjevORKs1ieW9GCQ0E7ksWMYKNtbruQYiuUCfEKnvI0SkSU27lXbfsVbyJ0CL4MyjDTLWu+9XpxSQVVBrCsdZt30tMkGFlGOE0L3VSTRNMhrhP2xYlFlQH2eSAHB1bp4eiWNknDZq4vycyLLQeidB2CmwGer42Nv+rtVMTXQYZk0lqqCTTRVHKkYnROA3UY4oSw0cWMFHM/hWRAVaYGJtZyYbgz5+8CI2ziu9V/LvzcvV6FkcRDuEITsCHC6jCLdSgDgRyeIZXeHOenBfn3fmYthac2cw+/JHz+QOthJUt</latexit><latexit sha1_base64="hwHBCHxlXmNAb1i+1nKjhGPDZ7s=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi+DGMiOCboSiG5cV7EXaoWTSTBuaZIYkI5RhNr6KGxeKuPUx3Pk2ppeFtv4Q+PjPOZycP0w408bzvp3C0vLK6lpxvbSxubW94+7uNXScKkLrJOaxaoVYU84krRtmOG0limIRctoMhzfjevORKs1ieW9GCQ0E7ksWMYKNtbruQYiuUCfEKnvI0SkSU27lXbfsVbyJ0CL4MyjDTLWu+9XpxSQVVBrCsdZt30tMkGFlGOE0L3VSTRNMhrhP2xYlFlQH2eSAHB1bp4eiWNknDZq4vycyLLQeidB2CmwGer42Nv+rtVMTXQYZk0lqqCTTRVHKkYnROA3UY4oSw0cWMFHM/hWRAVaYGJtZyYbgz5+8CI2ziu9V/LvzcvV6FkcRDuEITsCHC6jCLdSgDgRyeIZXeHOenBfn3fmYthac2cw+/JHz+QOthJUt</latexit><latexit sha1_base64="hwHBCHxlXmNAb1i+1nKjhGPDZ7s=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi+DGMiOCboSiG5cV7EXaoWTSTBuaZIYkI5RhNr6KGxeKuPUx3Pk2ppeFtv4Q+PjPOZycP0w408bzvp3C0vLK6lpxvbSxubW94+7uNXScKkLrJOaxaoVYU84krRtmOG0limIRctoMhzfjevORKs1ieW9GCQ0E7ksWMYKNtbruQYiuUCfEKnvI0SkSU27lXbfsVbyJ0CL4MyjDTLWu+9XpxSQVVBrCsdZt30tMkGFlGOE0L3VSTRNMhrhP2xYlFlQH2eSAHB1bp4eiWNknDZq4vycyLLQeidB2CmwGer42Nv+rtVMTXQYZk0lqqCTTRVHKkYnROA3UY4oSw0cWMFHM/hWRAVaYGJtZyYbgz5+8CI2ziu9V/LvzcvV6FkcRDuEITsCHC6jCLdSgDgRyeIZXeHOenBfn3fmYthac2cw+/JHz+QOthJUt</latexit><latexit sha1_base64="hwHBCHxlXmNAb1i+1nKjhGPDZ7s=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi+DGMiOCboSiG5cV7EXaoWTSTBuaZIYkI5RhNr6KGxeKuPUx3Pk2ppeFtv4Q+PjPOZycP0w408bzvp3C0vLK6lpxvbSxubW94+7uNXScKkLrJOaxaoVYU84krRtmOG0limIRctoMhzfjevORKs1ieW9GCQ0E7ksWMYKNtbruQYiuUCfEKnvI0SkSU27lXbfsVbyJ0CL4MyjDTLWu+9XpxSQVVBrCsdZt30tMkGFlGOE0L3VSTRNMhrhP2xYlFlQH2eSAHB1bp4eiWNknDZq4vycyLLQeidB2CmwGer42Nv+rtVMTXQYZk0lqqCTTRVHKkYnROA3UY4oSw0cWMFHM/hWRAVaYGJtZyYbgz5+8CI2ziu9V/LvzcvV6FkcRDuEITsCHC6jCLdSgDgRyeIZXeHOenBfn3fmYthac2cw+/JHz+QOthJUt</latexit>

these are values you can compute exactly.
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b =
Cov(X,Y )

V ar(X)
<latexit sha1_base64="WPNm1YuVK0X591E2DeKZG6XXKYA=">AAACB3icbVBNS8NAEN3Urxq/oh4FWSxCC1ISEfQiFHvxWMG2kTaUzXbTLt1swu6mUEJuXvwrXjwo4tW/4M1/47bNQVsfDDzem2Fmnh8zKpVtfxuFldW19Y3iprm1vbO7Z+0ftGSUCEyaOGKRcH0kCaOcNBVVjLixICj0GWn7o/rUb4+JkDTi92oSEy9EA04DipHSUs869uE17AYC4dSsR+OyewYfKllqtpAou5WsZ5Xsqj0DXCZOTkogR6NnfXX7EU5CwhVmSMqOY8fKS5FQFDOSmd1EkhjhERqQjqYchUR66eyPDJ5qpQ+DSOjiCs7U3xMpCqWchL7uDJEaykVvKv7ndRIVXHkp5XGiCMfzRUHCoIrgNBTYp4JgxSaaICyovhXiIdKhKB2dqUNwFl9eJq3zqmNXnbuLUu0mj6MIjsAJKAMHXIIauAUN0AQYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+ADg1lvo=</latexit><latexit sha1_base64="WPNm1YuVK0X591E2DeKZG6XXKYA=">AAACB3icbVBNS8NAEN3Urxq/oh4FWSxCC1ISEfQiFHvxWMG2kTaUzXbTLt1swu6mUEJuXvwrXjwo4tW/4M1/47bNQVsfDDzem2Fmnh8zKpVtfxuFldW19Y3iprm1vbO7Z+0ftGSUCEyaOGKRcH0kCaOcNBVVjLixICj0GWn7o/rUb4+JkDTi92oSEy9EA04DipHSUs869uE17AYC4dSsR+OyewYfKllqtpAou5WsZ5Xsqj0DXCZOTkogR6NnfXX7EU5CwhVmSMqOY8fKS5FQFDOSmd1EkhjhERqQjqYchUR66eyPDJ5qpQ+DSOjiCs7U3xMpCqWchL7uDJEaykVvKv7ndRIVXHkp5XGiCMfzRUHCoIrgNBTYp4JgxSaaICyovhXiIdKhKB2dqUNwFl9eJq3zqmNXnbuLUu0mj6MIjsAJKAMHXIIauAUN0AQYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+ADg1lvo=</latexit><latexit sha1_base64="WPNm1YuVK0X591E2DeKZG6XXKYA=">AAACB3icbVBNS8NAEN3Urxq/oh4FWSxCC1ISEfQiFHvxWMG2kTaUzXbTLt1swu6mUEJuXvwrXjwo4tW/4M1/47bNQVsfDDzem2Fmnh8zKpVtfxuFldW19Y3iprm1vbO7Z+0ftGSUCEyaOGKRcH0kCaOcNBVVjLixICj0GWn7o/rUb4+JkDTi92oSEy9EA04DipHSUs869uE17AYC4dSsR+OyewYfKllqtpAou5WsZ5Xsqj0DXCZOTkogR6NnfXX7EU5CwhVmSMqOY8fKS5FQFDOSmd1EkhjhERqQjqYchUR66eyPDJ5qpQ+DSOjiCs7U3xMpCqWchL7uDJEaykVvKv7ndRIVXHkp5XGiCMfzRUHCoIrgNBTYp4JgxSaaICyovhXiIdKhKB2dqUNwFl9eJq3zqmNXnbuLUu0mj6MIjsAJKAMHXIIauAUN0AQYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+ADg1lvo=</latexit><latexit sha1_base64="WPNm1YuVK0X591E2DeKZG6XXKYA=">AAACB3icbVBNS8NAEN3Urxq/oh4FWSxCC1ISEfQiFHvxWMG2kTaUzXbTLt1swu6mUEJuXvwrXjwo4tW/4M1/47bNQVsfDDzem2Fmnh8zKpVtfxuFldW19Y3iprm1vbO7Z+0ftGSUCEyaOGKRcH0kCaOcNBVVjLixICj0GWn7o/rUb4+JkDTi92oSEy9EA04DipHSUs869uE17AYC4dSsR+OyewYfKllqtpAou5WsZ5Xsqj0DXCZOTkogR6NnfXX7EU5CwhVmSMqOY8fKS5FQFDOSmd1EkhjhERqQjqYchUR66eyPDJ5qpQ+DSOjiCs7U3xMpCqWchL7uDJEaykVvKv7ndRIVXHkp5XGiCMfzRUHCoIrgNBTYp4JgxSaaICyovhXiIdKhKB2dqUNwFl9eJq3zqmNXnbuLUu0mj6MIjsAJKAMHXIIauAUN0AQYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+ADg1lvo=</latexit>

m =

Pn
i=1(YiXi � Ȳ Xi)Pn
i=1 X

2
i � X̄Xi

=

Pn
i=1(XiYi)� nX̄ȲPn
i=1(X

2
i )� nX̄2

<latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit>

b = Ȳ �mX̄
<latexit sha1_base64="hwHBCHxlXmNAb1i+1nKjhGPDZ7s=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi+DGMiOCboSiG5cV7EXaoWTSTBuaZIYkI5RhNr6KGxeKuPUx3Pk2ppeFtv4Q+PjPOZycP0w408bzvp3C0vLK6lpxvbSxubW94+7uNXScKkLrJOaxaoVYU84krRtmOG0limIRctoMhzfjevORKs1ieW9GCQ0E7ksWMYKNtbruQYiuUCfEKnvI0SkSU27lXbfsVbyJ0CL4MyjDTLWu+9XpxSQVVBrCsdZt30tMkGFlGOE0L3VSTRNMhrhP2xYlFlQH2eSAHB1bp4eiWNknDZq4vycyLLQeidB2CmwGer42Nv+rtVMTXQYZk0lqqCTTRVHKkYnROA3UY4oSw0cWMFHM/hWRAVaYGJtZyYbgz5+8CI2ziu9V/LvzcvV6FkcRDuEITsCHC6jCLdSgDgRyeIZXeHOenBfn3fmYthac2cw+/JHz+QOthJUt</latexit><latexit sha1_base64="hwHBCHxlXmNAb1i+1nKjhGPDZ7s=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi+DGMiOCboSiG5cV7EXaoWTSTBuaZIYkI5RhNr6KGxeKuPUx3Pk2ppeFtv4Q+PjPOZycP0w408bzvp3C0vLK6lpxvbSxubW94+7uNXScKkLrJOaxaoVYU84krRtmOG0limIRctoMhzfjevORKs1ieW9GCQ0E7ksWMYKNtbruQYiuUCfEKnvI0SkSU27lXbfsVbyJ0CL4MyjDTLWu+9XpxSQVVBrCsdZt30tMkGFlGOE0L3VSTRNMhrhP2xYlFlQH2eSAHB1bp4eiWNknDZq4vycyLLQeidB2CmwGer42Nv+rtVMTXQYZk0lqqCTTRVHKkYnROA3UY4oSw0cWMFHM/hWRAVaYGJtZyYbgz5+8CI2ziu9V/LvzcvV6FkcRDuEITsCHC6jCLdSgDgRyeIZXeHOenBfn3fmYthac2cw+/JHz+QOthJUt</latexit><latexit sha1_base64="hwHBCHxlXmNAb1i+1nKjhGPDZ7s=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi+DGMiOCboSiG5cV7EXaoWTSTBuaZIYkI5RhNr6KGxeKuPUx3Pk2ppeFtv4Q+PjPOZycP0w408bzvp3C0vLK6lpxvbSxubW94+7uNXScKkLrJOaxaoVYU84krRtmOG0limIRctoMhzfjevORKs1ieW9GCQ0E7ksWMYKNtbruQYiuUCfEKnvI0SkSU27lXbfsVbyJ0CL4MyjDTLWu+9XpxSQVVBrCsdZt30tMkGFlGOE0L3VSTRNMhrhP2xYlFlQH2eSAHB1bp4eiWNknDZq4vycyLLQeidB2CmwGer42Nv+rtVMTXQYZk0lqqCTTRVHKkYnROA3UY4oSw0cWMFHM/hWRAVaYGJtZyYbgz5+8CI2ziu9V/LvzcvV6FkcRDuEITsCHC6jCLdSgDgRyeIZXeHOenBfn3fmYthac2cw+/JHz+QOthJUt</latexit><latexit sha1_base64="hwHBCHxlXmNAb1i+1nKjhGPDZ7s=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi+DGMiOCboSiG5cV7EXaoWTSTBuaZIYkI5RhNr6KGxeKuPUx3Pk2ppeFtv4Q+PjPOZycP0w408bzvp3C0vLK6lpxvbSxubW94+7uNXScKkLrJOaxaoVYU84krRtmOG0limIRctoMhzfjevORKs1ieW9GCQ0E7ksWMYKNtbruQYiuUCfEKnvI0SkSU27lXbfsVbyJ0CL4MyjDTLWu+9XpxSQVVBrCsdZt30tMkGFlGOE0L3VSTRNMhrhP2xYlFlQH2eSAHB1bp4eiWNknDZq4vycyLLQeidB2CmwGer42Nv+rtVMTXQYZk0lqqCTTRVHKkYnROA3UY4oSw0cWMFHM/hWRAVaYGJtZyYbgz5+8CI2ziu9V/LvzcvV6FkcRDuEITsCHC6jCLdSgDgRyeIZXeHOenBfn3fmYthac2cw+/JHz+QOthJUt</latexit>

proportion of the 
variation in Y that 

can be “attributed to” 
variation in X 
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Linear Regression

Data Analysis Toolkit #10: Simple linear regression 
Copyright © 1996, 2001 Prof. James Kirchner 

http://seismo.berkeley.edu/~kirchner/eps_120/Toolkits/Toolkit_10.pdf 

b =
Cov(X,Y )

V ar(X)
<latexit sha1_base64="WPNm1YuVK0X591E2DeKZG6XXKYA=">AAACB3icbVBNS8NAEN3Urxq/oh4FWSxCC1ISEfQiFHvxWMG2kTaUzXbTLt1swu6mUEJuXvwrXjwo4tW/4M1/47bNQVsfDDzem2Fmnh8zKpVtfxuFldW19Y3iprm1vbO7Z+0ftGSUCEyaOGKRcH0kCaOcNBVVjLixICj0GWn7o/rUb4+JkDTi92oSEy9EA04DipHSUs869uE17AYC4dSsR+OyewYfKllqtpAou5WsZ5Xsqj0DXCZOTkogR6NnfXX7EU5CwhVmSMqOY8fKS5FQFDOSmd1EkhjhERqQjqYchUR66eyPDJ5qpQ+DSOjiCs7U3xMpCqWchL7uDJEaykVvKv7ndRIVXHkp5XGiCMfzRUHCoIrgNBTYp4JgxSaaICyovhXiIdKhKB2dqUNwFl9eJq3zqmNXnbuLUu0mj6MIjsAJKAMHXIIauAUN0AQYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+ADg1lvo=</latexit><latexit sha1_base64="WPNm1YuVK0X591E2DeKZG6XXKYA=">AAACB3icbVBNS8NAEN3Urxq/oh4FWSxCC1ISEfQiFHvxWMG2kTaUzXbTLt1swu6mUEJuXvwrXjwo4tW/4M1/47bNQVsfDDzem2Fmnh8zKpVtfxuFldW19Y3iprm1vbO7Z+0ftGSUCEyaOGKRcH0kCaOcNBVVjLixICj0GWn7o/rUb4+JkDTi92oSEy9EA04DipHSUs869uE17AYC4dSsR+OyewYfKllqtpAou5WsZ5Xsqj0DXCZOTkogR6NnfXX7EU5CwhVmSMqOY8fKS5FQFDOSmd1EkhjhERqQjqYchUR66eyPDJ5qpQ+DSOjiCs7U3xMpCqWchL7uDJEaykVvKv7ndRIVXHkp5XGiCMfzRUHCoIrgNBTYp4JgxSaaICyovhXiIdKhKB2dqUNwFl9eJq3zqmNXnbuLUu0mj6MIjsAJKAMHXIIauAUN0AQYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+ADg1lvo=</latexit><latexit sha1_base64="WPNm1YuVK0X591E2DeKZG6XXKYA=">AAACB3icbVBNS8NAEN3Urxq/oh4FWSxCC1ISEfQiFHvxWMG2kTaUzXbTLt1swu6mUEJuXvwrXjwo4tW/4M1/47bNQVsfDDzem2Fmnh8zKpVtfxuFldW19Y3iprm1vbO7Z+0ftGSUCEyaOGKRcH0kCaOcNBVVjLixICj0GWn7o/rUb4+JkDTi92oSEy9EA04DipHSUs869uE17AYC4dSsR+OyewYfKllqtpAou5WsZ5Xsqj0DXCZOTkogR6NnfXX7EU5CwhVmSMqOY8fKS5FQFDOSmd1EkhjhERqQjqYchUR66eyPDJ5qpQ+DSOjiCs7U3xMpCqWchL7uDJEaykVvKv7ndRIVXHkp5XGiCMfzRUHCoIrgNBTYp4JgxSaaICyovhXiIdKhKB2dqUNwFl9eJq3zqmNXnbuLUu0mj6MIjsAJKAMHXIIauAUN0AQYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+ADg1lvo=</latexit><latexit sha1_base64="WPNm1YuVK0X591E2DeKZG6XXKYA=">AAACB3icbVBNS8NAEN3Urxq/oh4FWSxCC1ISEfQiFHvxWMG2kTaUzXbTLt1swu6mUEJuXvwrXjwo4tW/4M1/47bNQVsfDDzem2Fmnh8zKpVtfxuFldW19Y3iprm1vbO7Z+0ftGSUCEyaOGKRcH0kCaOcNBVVjLixICj0GWn7o/rUb4+JkDTi92oSEy9EA04DipHSUs869uE17AYC4dSsR+OyewYfKllqtpAou5WsZ5Xsqj0DXCZOTkogR6NnfXX7EU5CwhVmSMqOY8fKS5FQFDOSmd1EkhjhERqQjqYchUR66eyPDJ5qpQ+DSOjiCs7U3xMpCqWchL7uDJEaykVvKv7ndRIVXHkp5XGiCMfzRUHCoIrgNBTYp4JgxSaaICyovhXiIdKhKB2dqUNwFl9eJq3zqmNXnbuLUu0mj6MIjsAJKAMHXIIauAUN0AQYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+ADg1lvo=</latexit>

m =

Pn
i=1(YiXi � Ȳ Xi)Pn
i=1 X

2
i � X̄Xi

=

Pn
i=1(XiYi)� nX̄ȲPn
i=1(X

2
i )� nX̄2

<latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit><latexit sha1_base64="mxdaQB8GmmfgkBu9RKA5ZbS6fR8="></latexit>

b = Ȳ �mX̄
<latexit sha1_base64="hwHBCHxlXmNAb1i+1nKjhGPDZ7s=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi+DGMiOCboSiG5cV7EXaoWTSTBuaZIYkI5RhNr6KGxeKuPUx3Pk2ppeFtv4Q+PjPOZycP0w408bzvp3C0vLK6lpxvbSxubW94+7uNXScKkLrJOaxaoVYU84krRtmOG0limIRctoMhzfjevORKs1ieW9GCQ0E7ksWMYKNtbruQYiuUCfEKnvI0SkSU27lXbfsVbyJ0CL4MyjDTLWu+9XpxSQVVBrCsdZt30tMkGFlGOE0L3VSTRNMhrhP2xYlFlQH2eSAHB1bp4eiWNknDZq4vycyLLQeidB2CmwGer42Nv+rtVMTXQYZk0lqqCTTRVHKkYnROA3UY4oSw0cWMFHM/hWRAVaYGJtZyYbgz5+8CI2ziu9V/LvzcvV6FkcRDuEITsCHC6jCLdSgDgRyeIZXeHOenBfn3fmYthac2cw+/JHz+QOthJUt</latexit><latexit sha1_base64="hwHBCHxlXmNAb1i+1nKjhGPDZ7s=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi+DGMiOCboSiG5cV7EXaoWTSTBuaZIYkI5RhNr6KGxeKuPUx3Pk2ppeFtv4Q+PjPOZycP0w408bzvp3C0vLK6lpxvbSxubW94+7uNXScKkLrJOaxaoVYU84krRtmOG0limIRctoMhzfjevORKs1ieW9GCQ0E7ksWMYKNtbruQYiuUCfEKnvI0SkSU27lXbfsVbyJ0CL4MyjDTLWu+9XpxSQVVBrCsdZt30tMkGFlGOE0L3VSTRNMhrhP2xYlFlQH2eSAHB1bp4eiWNknDZq4vycyLLQeidB2CmwGer42Nv+rtVMTXQYZk0lqqCTTRVHKkYnROA3UY4oSw0cWMFHM/hWRAVaYGJtZyYbgz5+8CI2ziu9V/LvzcvV6FkcRDuEITsCHC6jCLdSgDgRyeIZXeHOenBfn3fmYthac2cw+/JHz+QOthJUt</latexit><latexit sha1_base64="hwHBCHxlXmNAb1i+1nKjhGPDZ7s=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi+DGMiOCboSiG5cV7EXaoWTSTBuaZIYkI5RhNr6KGxeKuPUx3Pk2ppeFtv4Q+PjPOZycP0w408bzvp3C0vLK6lpxvbSxubW94+7uNXScKkLrJOaxaoVYU84krRtmOG0limIRctoMhzfjevORKs1ieW9GCQ0E7ksWMYKNtbruQYiuUCfEKnvI0SkSU27lXbfsVbyJ0CL4MyjDTLWu+9XpxSQVVBrCsdZt30tMkGFlGOE0L3VSTRNMhrhP2xYlFlQH2eSAHB1bp4eiWNknDZq4vycyLLQeidB2CmwGer42Nv+rtVMTXQYZk0lqqCTTRVHKkYnROA3UY4oSw0cWMFHM/hWRAVaYGJtZyYbgz5+8CI2ziu9V/LvzcvV6FkcRDuEITsCHC6jCLdSgDgRyeIZXeHOenBfn3fmYthac2cw+/JHz+QOthJUt</latexit><latexit sha1_base64="hwHBCHxlXmNAb1i+1nKjhGPDZ7s=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi+DGMiOCboSiG5cV7EXaoWTSTBuaZIYkI5RhNr6KGxeKuPUx3Pk2ppeFtv4Q+PjPOZycP0w408bzvp3C0vLK6lpxvbSxubW94+7uNXScKkLrJOaxaoVYU84krRtmOG0limIRctoMhzfjevORKs1ieW9GCQ0E7ksWMYKNtbruQYiuUCfEKnvI0SkSU27lXbfsVbyJ0CL4MyjDTLWu+9XpxSQVVBrCsdZt30tMkGFlGOE0L3VSTRNMhrhP2xYlFlQH2eSAHB1bp4eiWNknDZq4vycyLLQeidB2CmwGer42Nv+rtVMTXQYZk0lqqCTTRVHKkYnROA3UY4oSw0cWMFHM/hWRAVaYGJtZyYbgz5+8CI2ziu9V/LvzcvV6FkcRDuEITsCHC6jCLdSgDgRyeIZXeHOenBfn3fmYthac2cw+/JHz+QOthJUt</latexit>

place where line crosses the Y 
axis (not always meaningful, 

but necessary for the equation)
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Linear Regression
cholesterol = m(eucalyptus) + b
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Linear Regression
cholesterol = m(eucalyptus) + b 

m = -2.4
ch

ol
es
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Linear Regression

ch
ol

es
te

ro
l

eucalyptus

cholesterol = m(eucalyptus) + b 
m = -2.4

increase of 1 mg 
eucalyptus oil -> 
decrease of 2.4 
“cholesterols” :) 
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Linear Regression

ch
ol

es
te

ro
l

eucalyptus

increase of 1 mg 
eucalyptus oil -> 
decrease of 2.4 
“cholesterols” :) 

¿que 
pasa?

cholesterol = m(eucalyptus) + b 
m = -2.4
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Discussion-question-thinly-veiled-as-a-
clicker Question!
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Discussion-question-thinly-veiled-as-a-
clicker Question!

What should we make of the observed 
relationship between use of eucalyptus oil and 

cholesterol levels?
(a) There probably actually is a relationship. Linear regression is a 

legitimate method, so we should trust the result. 
(b) There is probably no actual relationship. We are confusing 

correlation with causation.  
(c) There is probably no actual relationship. We are measuring 

eucalyptus oil in the wrong units, so it just appears correlated. 
(d) There is probably no actual relationship. We are failing to 

capture other relevant variables. 
(e) We should click on the obviously snarky answer and see if Ellie 

gets mad.
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(a) There probably actually is a relationship. Linear regression is a 
legitimate method, so we should trust the result. 

(b) There is probably no actual relationship. We are confusing 
correlation with causation.  

(c) There is probably no actual relationship. We are measuring 
eucalyptus oil in the wrong units, so it just appears correlated. 

(d) There is probably no actual relationship. We are failing to 
capture other relevant variables. 

(e) We should click on the obviously snarky answer and see if Ellie 
gets mad.

Discussion-question-thinly-veiled-as-a-
clicker Question!

What should we make of the observed 
relationship between use of eucalyptus oil and 

cholesterol levels?

could be the case, but 
want to do due diligence 
before concluding this… 
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(a) There probably actually is a relationship. Linear regression is a 
legitimate method, so we should trust the result. 

(b) There is probably no actual relationship. We are confusing 
correlation with causation.  

(c) There is probably no actual relationship. We are measuring 
eucalyptus oil in the wrong units, so it just appears correlated. 

(d) There is probably no actual relationship. We are failing to 
capture other relevant variables. 

(e) We should click on the obviously snarky answer and see if Ellie 
gets mad.

Discussion-question-thinly-veiled-as-a-
clicker Question!

What should we make of the observed 
relationship between use of eucalyptus oil and 

cholesterol levels?

Yes and no. We *are* confusing 
correlation with causation, but 
linear regression does this by 

construction (even when we are 
looking at a real relationship).
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(a) There probably actually is a relationship. Linear regression is a 
legitimate method, so we should trust the result. 

(b) There is probably no actual relationship. We are confusing 
correlation with causation.  

(c) There is probably no actual relationship. We are measuring 
eucalyptus oil in the wrong units, so it just appears correlated. 

(d) There is probably no actual relationship. We are failing to 
capture other relevant variables. 

(e) We should click on the obviously snarky answer and see if Ellie 
gets mad.

Discussion-question-thinly-veiled-as-a-
clicker Question!

What should we make of the observed 
relationship between use of eucalyptus oil and 

cholesterol levels?Units should not matter, since 
differences in units are 
usually equivalent up to 
linear transformation

96



(a) There probably actually is a relationship. Linear regression is a 
legitimate method, so we should trust the result. 

(b) There is probably no actual relationship. We are confusing 
correlation with causation.  

(c) There is probably no actual relationship. We are measuring 
eucalyptus oil in the wrong units, so it just appears correlated. 

(d) There is probably no actual relationship. We are failing to 
capture other relevant variables. 

(e) We should click on the obviously snarky answer and see if Ellie 
gets mad.

Discussion-question-thinly-veiled-as-a-
clicker Question!

What should we make of the observed 
relationship between use of eucalyptus oil and 

cholesterol levels?

This is a good answer! 
Let’s spend multiple more 

slides on it.
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Discussion-question-thinly-veiled-as-a-
clicker Question!

What should we make of the observed 
relationship between use of eucalyptus oil and 

cholesterol levels?
(a) There probably actually is a relationship. Linear regression is a 

legitimate method, so we should trust the result. 
(b) There is probably no actual relationship. We are confusing 

correlation with causation.  
(c) There is probably no actual relationship. We are measuring 

eucalyptus oil in the wrong units, so it just appears correlated. 
(d) There is probably no actual relationship. We are failing to 

capture other relevant variables. 
(e) We should click on the obviously snarky answer and see if Ellie 

gets mad.

Not mad, just 
disappointed
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Linear Regression
cholesterol = m(eucalyptus) + b 

m = -2.4
ch

ol
es

te
ro

l

eucalyptus

increase of 1 mg 
eucalyptus oil -> 
decrease of 2.4 
“cholesterols” :) 

¿que 
pasa?
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Linear Regression
cholesterol = m(eucalyptus) + b 

m = 2.4
ch

ol
es

te
ro

l

eucalyptus

increase of 1 mg 
eucalyptus oil -> 
decrease of 2.4 
“cholesterols” :) 

¿que 
pasa?

I usually take my eucalyptus oil in 
the morning, when i eat my heart-

healthy breakfast of cheerios with oat milk, 
and take my cholesterol meds. On days 
when i don’t have time to eat breakfast, i 

typically don’t take anything. 
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Linear Regression
cholesterol = m(eucalyptus) + b 

m = 2.4
ch

ol
es

te
ro

l

eucalyptus

increase of 1 mg 
eucalyptus oil -> 
decrease of 2.4 
“cholesterols” :) 

¿que 
pasa?

I usually take my eucalyptus oil in 
the morning, when i eat my heart-

healthy breakfast of cheerios with oat milk, 
and take my cholesterol meds. On days 
when i don’t have time to eat breakfast, i 

typically don’t take anything. 
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Omitted Variable Bias
• By construction, we assume that the dependent 

variable can be predicted from the explanatory 
variables only 

• We assume changes in the dependent variable that 
are correlated with the explanatory variable are 
because of the explanatory variable 

• We assume that changes in the dependent variable 
that are not explained by the explanatory variables 
is “noise”
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Omitted Variable Bias
• By construction, we assume that the dependent 

variable can be predicted from the explanatory 
variables only 

• We assume changes in the dependent variable that 
are correlated with the explanatory variable are 
because of the explanatory variable 

• We assume that changes in the dependent variable 
that are not explained by the explanatory variables 
is “noise”
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Omitted Variable Bias
• By construction, we assume that the dependent 

variable can be predicted from the explanatory 
variables only 

• We assume changes in the dependent variable that 
are correlated with the explanatory variable are 
because of the explanatory variable 

• We assume that changes in the dependent variable 
that are not explained by the explanatory variables 
is “noise”
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Omitted Variable Bias
• By construction, we assume that the dependent 

variable can be predicted from the explanatory 
variables only 

• We assume changes in the dependent variable that 
are correlated with the explanatory variable are 
because of the explanatory variable 

• We assume that changes in the dependent variable 
that are not explained by the explanatory variables 
is “noise”
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Multiple Linear Regression

Y = m1X1 + m2X2 + m3X3 + m4X4

Y: cholesterol level 
X1: eucalyptus 
X2: cholesterol meds 
X3: breakfast 
X4: constant term
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Multiple Linear Regression

Y = m1X1 + m2X2 + m3X3 + m4X4

Y: cholesterol level 
X1: eucalyptus 
X2: cholesterol meds 
X3: breakfast 
X4: constant term

intercept
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Multiple Linear Regression

Y = m1X1 + m2X2 + m3X3 + m4X4

Y: cholesterol level 
X1: eucalyptus 
X2: cholesterol meds 
X3: breakfast 
X4: constant term

slopes/ 
coefficients/ 

effects
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Multiple Linear Regression

Y = m1X1 + m2X2 + m3X3 + m4X4

Q =
nX

i=1

(Yi � (m1X1i +m2X2i +m3X3i +m4X4i))
2

<latexit sha1_base64="PiqST+kMRWap1QYHvvo27ymXfGY="></latexit><latexit sha1_base64="PiqST+kMRWap1QYHvvo27ymXfGY="></latexit><latexit sha1_base64="PiqST+kMRWap1QYHvvo27ymXfGY="></latexit><latexit sha1_base64="PiqST+kMRWap1QYHvvo27ymXfGY="></latexit>
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Multiple Linear Regression

Y = m1X1 + m2X2 + m3X3 + m4X4

Q =
nX

i=1

(Yi � (m1X1i +m2X2i +m3X3i +m4X4i))
2

<latexit sha1_base64="PiqST+kMRWap1QYHvvo27ymXfGY="></latexit><latexit sha1_base64="PiqST+kMRWap1QYHvvo27ymXfGY="></latexit><latexit sha1_base64="PiqST+kMRWap1QYHvvo27ymXfGY="></latexit><latexit sha1_base64="PiqST+kMRWap1QYHvvo27ymXfGY="></latexit>

@Q

@m1
= f(X1, X2, X3, X4, Y )

<latexit sha1_base64="AwyAaH0PtG1mCNUuIzM1SZRQcqE=">AAACI3icbVDLSsNAFJ34rPUVdelmsAgVSklqQRGEohuXLdg20oQwmU7aoZMHMxOhhP6LG3/FjQuluHHhvzhpA2rrgbkczrmXO/d4MaNCGsantrK6tr6xWdgqbu/s7u3rB4cdESUckzaOWMQtDwnCaEjakkpGrJgTFHiMdL3RbeZ3HwkXNArv5TgmToAGIfUpRlJJrn5l+xzh1I4RlxQx2Jr88MA1J/Aa+mXLNSvQcmtZOc9KvQIfzly9ZFSNGeAyMXNSAjmarj61+xFOAhJKzJAQPdOIpZNm2zAjk6KdCBIjPEID0lM0RAERTjq7cQJPldKHfsTVCyWcqb8nUhQIMQ481RkgORSLXib+5/US6V86KQ3jRJIQzxf5CYMygllgsE85wZKNFUGYU/VXiIdIhSZVrEUVgrl48jLp1KqmUTVb9VLjJo+jAI7BCSgDE1yABrgDTdAGGDyBF/AG3rVn7VWbah/z1hUtnzkCf6B9fQMtrqFa</latexit><latexit sha1_base64="AwyAaH0PtG1mCNUuIzM1SZRQcqE=">AAACI3icbVDLSsNAFJ34rPUVdelmsAgVSklqQRGEohuXLdg20oQwmU7aoZMHMxOhhP6LG3/FjQuluHHhvzhpA2rrgbkczrmXO/d4MaNCGsantrK6tr6xWdgqbu/s7u3rB4cdESUckzaOWMQtDwnCaEjakkpGrJgTFHiMdL3RbeZ3HwkXNArv5TgmToAGIfUpRlJJrn5l+xzh1I4RlxQx2Jr88MA1J/Aa+mXLNSvQcmtZOc9KvQIfzly9ZFSNGeAyMXNSAjmarj61+xFOAhJKzJAQPdOIpZNm2zAjk6KdCBIjPEID0lM0RAERTjq7cQJPldKHfsTVCyWcqb8nUhQIMQ481RkgORSLXib+5/US6V86KQ3jRJIQzxf5CYMygllgsE85wZKNFUGYU/VXiIdIhSZVrEUVgrl48jLp1KqmUTVb9VLjJo+jAI7BCSgDE1yABrgDTdAGGDyBF/AG3rVn7VWbah/z1hUtnzkCf6B9fQMtrqFa</latexit><latexit sha1_base64="AwyAaH0PtG1mCNUuIzM1SZRQcqE=">AAACI3icbVDLSsNAFJ34rPUVdelmsAgVSklqQRGEohuXLdg20oQwmU7aoZMHMxOhhP6LG3/FjQuluHHhvzhpA2rrgbkczrmXO/d4MaNCGsantrK6tr6xWdgqbu/s7u3rB4cdESUckzaOWMQtDwnCaEjakkpGrJgTFHiMdL3RbeZ3HwkXNArv5TgmToAGIfUpRlJJrn5l+xzh1I4RlxQx2Jr88MA1J/Aa+mXLNSvQcmtZOc9KvQIfzly9ZFSNGeAyMXNSAjmarj61+xFOAhJKzJAQPdOIpZNm2zAjk6KdCBIjPEID0lM0RAERTjq7cQJPldKHfsTVCyWcqb8nUhQIMQ481RkgORSLXib+5/US6V86KQ3jRJIQzxf5CYMygllgsE85wZKNFUGYU/VXiIdIhSZVrEUVgrl48jLp1KqmUTVb9VLjJo+jAI7BCSgDE1yABrgDTdAGGDyBF/AG3rVn7VWbah/z1hUtnzkCf6B9fQMtrqFa</latexit><latexit sha1_base64="AwyAaH0PtG1mCNUuIzM1SZRQcqE=">AAACI3icbVDLSsNAFJ34rPUVdelmsAgVSklqQRGEohuXLdg20oQwmU7aoZMHMxOhhP6LG3/FjQuluHHhvzhpA2rrgbkczrmXO/d4MaNCGsantrK6tr6xWdgqbu/s7u3rB4cdESUckzaOWMQtDwnCaEjakkpGrJgTFHiMdL3RbeZ3HwkXNArv5TgmToAGIfUpRlJJrn5l+xzh1I4RlxQx2Jr88MA1J/Aa+mXLNSvQcmtZOc9KvQIfzly9ZFSNGeAyMXNSAjmarj61+xFOAhJKzJAQPdOIpZNm2zAjk6KdCBIjPEID0lM0RAERTjq7cQJPldKHfsTVCyWcqb8nUhQIMQ481RkgORSLXib+5/US6V86KQ3jRJIQzxf5CYMygllgsE85wZKNFUGYU/VXiIdIhSZVrEUVgrl48jLp1KqmUTVb9VLjJo+jAI7BCSgDE1yABrgDTdAGGDyBF/AG3rVn7VWbah/z1hUtnzkCf6B9fQMtrqFa</latexit>
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Multiple Linear Regression

Y = m1X1 + m2X2 + m3X3 + m4X4

Q =
nX

i=1

(Yi � (m1X1i +m2X2i +m3X3i +m4X4i))
2

<latexit sha1_base64="PiqST+kMRWap1QYHvvo27ymXfGY="></latexit><latexit sha1_base64="PiqST+kMRWap1QYHvvo27ymXfGY="></latexit><latexit sha1_base64="PiqST+kMRWap1QYHvvo27ymXfGY="></latexit><latexit sha1_base64="PiqST+kMRWap1QYHvvo27ymXfGY="></latexit>

@Q

@m1
= f(X1, X2, X3, X4, Y )

<latexit sha1_base64="AwyAaH0PtG1mCNUuIzM1SZRQcqE=">AAACI3icbVDLSsNAFJ34rPUVdelmsAgVSklqQRGEohuXLdg20oQwmU7aoZMHMxOhhP6LG3/FjQuluHHhvzhpA2rrgbkczrmXO/d4MaNCGsantrK6tr6xWdgqbu/s7u3rB4cdESUckzaOWMQtDwnCaEjakkpGrJgTFHiMdL3RbeZ3HwkXNArv5TgmToAGIfUpRlJJrn5l+xzh1I4RlxQx2Jr88MA1J/Aa+mXLNSvQcmtZOc9KvQIfzly9ZFSNGeAyMXNSAjmarj61+xFOAhJKzJAQPdOIpZNm2zAjk6KdCBIjPEID0lM0RAERTjq7cQJPldKHfsTVCyWcqb8nUhQIMQ481RkgORSLXib+5/US6V86KQ3jRJIQzxf5CYMygllgsE85wZKNFUGYU/VXiIdIhSZVrEUVgrl48jLp1KqmUTVb9VLjJo+jAI7BCSgDE1yABrgDTdAGGDyBF/AG3rVn7VWbah/z1hUtnzkCf6B9fQMtrqFa</latexit><latexit sha1_base64="AwyAaH0PtG1mCNUuIzM1SZRQcqE=">AAACI3icbVDLSsNAFJ34rPUVdelmsAgVSklqQRGEohuXLdg20oQwmU7aoZMHMxOhhP6LG3/FjQuluHHhvzhpA2rrgbkczrmXO/d4MaNCGsantrK6tr6xWdgqbu/s7u3rB4cdESUckzaOWMQtDwnCaEjakkpGrJgTFHiMdL3RbeZ3HwkXNArv5TgmToAGIfUpRlJJrn5l+xzh1I4RlxQx2Jr88MA1J/Aa+mXLNSvQcmtZOc9KvQIfzly9ZFSNGeAyMXNSAjmarj61+xFOAhJKzJAQPdOIpZNm2zAjk6KdCBIjPEID0lM0RAERTjq7cQJPldKHfsTVCyWcqb8nUhQIMQ481RkgORSLXib+5/US6V86KQ3jRJIQzxf5CYMygllgsE85wZKNFUGYU/VXiIdIhSZVrEUVgrl48jLp1KqmUTVb9VLjJo+jAI7BCSgDE1yABrgDTdAGGDyBF/AG3rVn7VWbah/z1hUtnzkCf6B9fQMtrqFa</latexit><latexit sha1_base64="AwyAaH0PtG1mCNUuIzM1SZRQcqE=">AAACI3icbVDLSsNAFJ34rPUVdelmsAgVSklqQRGEohuXLdg20oQwmU7aoZMHMxOhhP6LG3/FjQuluHHhvzhpA2rrgbkczrmXO/d4MaNCGsantrK6tr6xWdgqbu/s7u3rB4cdESUckzaOWMQtDwnCaEjakkpGrJgTFHiMdL3RbeZ3HwkXNArv5TgmToAGIfUpRlJJrn5l+xzh1I4RlxQx2Jr88MA1J/Aa+mXLNSvQcmtZOc9KvQIfzly9ZFSNGeAyMXNSAjmarj61+xFOAhJKzJAQPdOIpZNm2zAjk6KdCBIjPEID0lM0RAERTjq7cQJPldKHfsTVCyWcqb8nUhQIMQ481RkgORSLXib+5/US6V86KQ3jRJIQzxf5CYMygllgsE85wZKNFUGYU/VXiIdIhSZVrEUVgrl48jLp1KqmUTVb9VLjJo+jAI7BCSgDE1yABrgDTdAGGDyBF/AG3rVn7VWbah/z1hUtnzkCf6B9fQMtrqFa</latexit><latexit sha1_base64="AwyAaH0PtG1mCNUuIzM1SZRQcqE=">AAACI3icbVDLSsNAFJ34rPUVdelmsAgVSklqQRGEohuXLdg20oQwmU7aoZMHMxOhhP6LG3/FjQuluHHhvzhpA2rrgbkczrmXO/d4MaNCGsantrK6tr6xWdgqbu/s7u3rB4cdESUckzaOWMQtDwnCaEjakkpGrJgTFHiMdL3RbeZ3HwkXNArv5TgmToAGIfUpRlJJrn5l+xzh1I4RlxQx2Jr88MA1J/Aa+mXLNSvQcmtZOc9KvQIfzly9ZFSNGeAyMXNSAjmarj61+xFOAhJKzJAQPdOIpZNm2zAjk6KdCBIjPEID0lM0RAERTjq7cQJPldKHfsTVCyWcqb8nUhQIMQ481RkgORSLXib+5/US6V86KQ3jRJIQzxf5CYMygllgsE85wZKNFUGYU/VXiIdIhSZVrEUVgrl48jLp1KqmUTVb9VLjJo+jAI7BCSgDE1yABrgDTdAGGDyBF/AG3rVn7VWbah/z1hUtnzkCf6B9fQMtrqFa</latexit>

depends on other 
explanatory variables
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Multiple Linear Regression

Y = m1X1 + m2X2 + m3X3 + m4X4

Q =
nX

i=1

(Yi � (m1X1i +m2X2i +m3X3i +m4X4i))
2

<latexit sha1_base64="PiqST+kMRWap1QYHvvo27ymXfGY="></latexit><latexit sha1_base64="PiqST+kMRWap1QYHvvo27ymXfGY="></latexit><latexit sha1_base64="PiqST+kMRWap1QYHvvo27ymXfGY="></latexit><latexit sha1_base64="PiqST+kMRWap1QYHvvo27ymXfGY="></latexit>

@Q

@m1
= f(X1, X2, X3, X4, Y )

<latexit sha1_base64="AwyAaH0PtG1mCNUuIzM1SZRQcqE=">AAACI3icbVDLSsNAFJ34rPUVdelmsAgVSklqQRGEohuXLdg20oQwmU7aoZMHMxOhhP6LG3/FjQuluHHhvzhpA2rrgbkczrmXO/d4MaNCGsantrK6tr6xWdgqbu/s7u3rB4cdESUckzaOWMQtDwnCaEjakkpGrJgTFHiMdL3RbeZ3HwkXNArv5TgmToAGIfUpRlJJrn5l+xzh1I4RlxQx2Jr88MA1J/Aa+mXLNSvQcmtZOc9KvQIfzly9ZFSNGeAyMXNSAjmarj61+xFOAhJKzJAQPdOIpZNm2zAjk6KdCBIjPEID0lM0RAERTjq7cQJPldKHfsTVCyWcqb8nUhQIMQ481RkgORSLXib+5/US6V86KQ3jRJIQzxf5CYMygllgsE85wZKNFUGYU/VXiIdIhSZVrEUVgrl48jLp1KqmUTVb9VLjJo+jAI7BCSgDE1yABrgDTdAGGDyBF/AG3rVn7VWbah/z1hUtnzkCf6B9fQMtrqFa</latexit><latexit sha1_base64="AwyAaH0PtG1mCNUuIzM1SZRQcqE=">AAACI3icbVDLSsNAFJ34rPUVdelmsAgVSklqQRGEohuXLdg20oQwmU7aoZMHMxOhhP6LG3/FjQuluHHhvzhpA2rrgbkczrmXO/d4MaNCGsantrK6tr6xWdgqbu/s7u3rB4cdESUckzaOWMQtDwnCaEjakkpGrJgTFHiMdL3RbeZ3HwkXNArv5TgmToAGIfUpRlJJrn5l+xzh1I4RlxQx2Jr88MA1J/Aa+mXLNSvQcmtZOc9KvQIfzly9ZFSNGeAyMXNSAjmarj61+xFOAhJKzJAQPdOIpZNm2zAjk6KdCBIjPEID0lM0RAERTjq7cQJPldKHfsTVCyWcqb8nUhQIMQ481RkgORSLXib+5/US6V86KQ3jRJIQzxf5CYMygllgsE85wZKNFUGYU/VXiIdIhSZVrEUVgrl48jLp1KqmUTVb9VLjJo+jAI7BCSgDE1yABrgDTdAGGDyBF/AG3rVn7VWbah/z1hUtnzkCf6B9fQMtrqFa</latexit><latexit sha1_base64="AwyAaH0PtG1mCNUuIzM1SZRQcqE=">AAACI3icbVDLSsNAFJ34rPUVdelmsAgVSklqQRGEohuXLdg20oQwmU7aoZMHMxOhhP6LG3/FjQuluHHhvzhpA2rrgbkczrmXO/d4MaNCGsantrK6tr6xWdgqbu/s7u3rB4cdESUckzaOWMQtDwnCaEjakkpGrJgTFHiMdL3RbeZ3HwkXNArv5TgmToAGIfUpRlJJrn5l+xzh1I4RlxQx2Jr88MA1J/Aa+mXLNSvQcmtZOc9KvQIfzly9ZFSNGeAyMXNSAjmarj61+xFOAhJKzJAQPdOIpZNm2zAjk6KdCBIjPEID0lM0RAERTjq7cQJPldKHfsTVCyWcqb8nUhQIMQ481RkgORSLXib+5/US6V86KQ3jRJIQzxf5CYMygllgsE85wZKNFUGYU/VXiIdIhSZVrEUVgrl48jLp1KqmUTVb9VLjJo+jAI7BCSgDE1yABrgDTdAGGDyBF/AG3rVn7VWbah/z1hUtnzkCf6B9fQMtrqFa</latexit><latexit sha1_base64="AwyAaH0PtG1mCNUuIzM1SZRQcqE=">AAACI3icbVDLSsNAFJ34rPUVdelmsAgVSklqQRGEohuXLdg20oQwmU7aoZMHMxOhhP6LG3/FjQuluHHhvzhpA2rrgbkczrmXO/d4MaNCGsantrK6tr6xWdgqbu/s7u3rB4cdESUckzaOWMQtDwnCaEjakkpGrJgTFHiMdL3RbeZ3HwkXNArv5TgmToAGIfUpRlJJrn5l+xzh1I4RlxQx2Jr88MA1J/Aa+mXLNSvQcmtZOc9KvQIfzly9ZFSNGeAyMXNSAjmarj61+xFOAhJKzJAQPdOIpZNm2zAjk6KdCBIjPEID0lM0RAERTjq7cQJPldKHfsTVCyWcqb8nUhQIMQ481RkgORSLXib+5/US6V86KQ3jRJIQzxf5CYMygllgsE85wZKNFUGYU/VXiIdIhSZVrEUVgrl48jLp1KqmUTVb9VLjJo+jAI7BCSgDE1yABrgDTdAGGDyBF/AG3rVn7VWbah/z1hUtnzkCf6B9fQMtrqFa</latexit>

change in cholesterol 
associated with a increase of 1 
mg eucalyptus oil, holding other 

variables constant
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Multiple Linear Regression

Y = m1X1 + m2X2 + m3X3 + m4X4

Y = X�
<latexit sha1_base64="YaoYYITUP9CUTRmh9oPO2IUGZ2A=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwVRIRdCMU3bisYB/SlDKZTtqhk0mYmQglZOPGX3HjQhG3/oM7/8ZJG0FbDwycOede7r3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+655KxSJxq8cx7YZ4IFjACNZG6tkHXoj10A/SuwxdoJ9PO/N8qnHPrjhVZwI0T9yCVKBAvWd/ev2IJCEVmnCsVMd1Yt1NsdSMcJqVvUTRGJMRHtCOoQKHVHXTyRUZOjJKHwWRNE9oNFF/d6Q4VGoc+qYyX1PNern4n9dJdHDeTZmIE00FmQ4KEo50hPJIUJ9JSjQfG4KJZGZXRIZYYqJNcGUTgjt78jxpnlRdp+renFZql0UcJdiHQzgGF86gBtdQhwYQeIAneIFX69F6tt6s92npglX07MEfWB/fVf2YdQ==</latexit><latexit sha1_base64="YaoYYITUP9CUTRmh9oPO2IUGZ2A=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwVRIRdCMU3bisYB/SlDKZTtqhk0mYmQglZOPGX3HjQhG3/oM7/8ZJG0FbDwycOede7r3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+655KxSJxq8cx7YZ4IFjACNZG6tkHXoj10A/SuwxdoJ9PO/N8qnHPrjhVZwI0T9yCVKBAvWd/ev2IJCEVmnCsVMd1Yt1NsdSMcJqVvUTRGJMRHtCOoQKHVHXTyRUZOjJKHwWRNE9oNFF/d6Q4VGoc+qYyX1PNern4n9dJdHDeTZmIE00FmQ4KEo50hPJIUJ9JSjQfG4KJZGZXRIZYYqJNcGUTgjt78jxpnlRdp+renFZql0UcJdiHQzgGF86gBtdQhwYQeIAneIFX69F6tt6s92npglX07MEfWB/fVf2YdQ==</latexit><latexit sha1_base64="YaoYYITUP9CUTRmh9oPO2IUGZ2A=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwVRIRdCMU3bisYB/SlDKZTtqhk0mYmQglZOPGX3HjQhG3/oM7/8ZJG0FbDwycOede7r3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+655KxSJxq8cx7YZ4IFjACNZG6tkHXoj10A/SuwxdoJ9PO/N8qnHPrjhVZwI0T9yCVKBAvWd/ev2IJCEVmnCsVMd1Yt1NsdSMcJqVvUTRGJMRHtCOoQKHVHXTyRUZOjJKHwWRNE9oNFF/d6Q4VGoc+qYyX1PNern4n9dJdHDeTZmIE00FmQ4KEo50hPJIUJ9JSjQfG4KJZGZXRIZYYqJNcGUTgjt78jxpnlRdp+renFZql0UcJdiHQzgGF86gBtdQhwYQeIAneIFX69F6tt6s92npglX07MEfWB/fVf2YdQ==</latexit><latexit sha1_base64="YaoYYITUP9CUTRmh9oPO2IUGZ2A=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwVRIRdCMU3bisYB/SlDKZTtqhk0mYmQglZOPGX3HjQhG3/oM7/8ZJG0FbDwycOede7r3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+655KxSJxq8cx7YZ4IFjACNZG6tkHXoj10A/SuwxdoJ9PO/N8qnHPrjhVZwI0T9yCVKBAvWd/ev2IJCEVmnCsVMd1Yt1NsdSMcJqVvUTRGJMRHtCOoQKHVHXTyRUZOjJKHwWRNE9oNFF/d6Q4VGoc+qYyX1PNern4n9dJdHDeTZmIE00FmQ4KEo50hPJIUJ9JSjQfG4KJZGZXRIZYYqJNcGUTgjt78jxpnlRdp+renFZql0UcJdiHQzgGF86gBtdQhwYQeIAneIFX69F6tt6s92npglX07MEfWB/fVf2YdQ==</latexit>

�̂ = (X0X)�1X0Y
<latexit sha1_base64="56n1pgZcQMk8AAVi4Mk42FdQ5o4=">AAACKHicbZDLSsNAFIYnXmu9VV26GSxiXVgSEXQjFt24rGAv0sQymU7aoZMLMydCCXkcN76KGxFFuvVJnLZBtO2BgY//P4c553cjwRWY5tBYWFxaXlnNreXXNza3tgs7u3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13P7NyG88Mal4GNzDIGKOT7oB9zgloKV24cruEUhslwFJ8SUu2T6BnuslzaP0F9Pjx+TESudYD2m7UDTL5rjwLFgZFFFW1Xbh3e6ENPZZAFQQpVqWGYGTEAmcCpbm7VixiNA+6bKWxoD4TDnJ+NAUH2qlg71Q6hcAHqt/JxLiKzXwXd052lBNeyNxnteKwbtwEh5EMbCATj7yYoEhxKPUcIdLRkEMNBAqud4V0x6RhILONq9DsKZPnoX6adkyy9bdWbFyncWRQ/voAJWQhc5RBd2iKqohip7RK/pAn8aL8WZ8GcNJ64KRzeyhf2V8/wCd6Kbz</latexit><latexit sha1_base64="56n1pgZcQMk8AAVi4Mk42FdQ5o4=">AAACKHicbZDLSsNAFIYnXmu9VV26GSxiXVgSEXQjFt24rGAv0sQymU7aoZMLMydCCXkcN76KGxFFuvVJnLZBtO2BgY//P4c553cjwRWY5tBYWFxaXlnNreXXNza3tgs7u3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13P7NyG88Mal4GNzDIGKOT7oB9zgloKV24cruEUhslwFJ8SUu2T6BnuslzaP0F9Pjx+TESudYD2m7UDTL5rjwLFgZFFFW1Xbh3e6ENPZZAFQQpVqWGYGTEAmcCpbm7VixiNA+6bKWxoD4TDnJ+NAUH2qlg71Q6hcAHqt/JxLiKzXwXd052lBNeyNxnteKwbtwEh5EMbCATj7yYoEhxKPUcIdLRkEMNBAqud4V0x6RhILONq9DsKZPnoX6adkyy9bdWbFyncWRQ/voAJWQhc5RBd2iKqohip7RK/pAn8aL8WZ8GcNJ64KRzeyhf2V8/wCd6Kbz</latexit><latexit sha1_base64="56n1pgZcQMk8AAVi4Mk42FdQ5o4=">AAACKHicbZDLSsNAFIYnXmu9VV26GSxiXVgSEXQjFt24rGAv0sQymU7aoZMLMydCCXkcN76KGxFFuvVJnLZBtO2BgY//P4c553cjwRWY5tBYWFxaXlnNreXXNza3tgs7u3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13P7NyG88Mal4GNzDIGKOT7oB9zgloKV24cruEUhslwFJ8SUu2T6BnuslzaP0F9Pjx+TESudYD2m7UDTL5rjwLFgZFFFW1Xbh3e6ENPZZAFQQpVqWGYGTEAmcCpbm7VixiNA+6bKWxoD4TDnJ+NAUH2qlg71Q6hcAHqt/JxLiKzXwXd052lBNeyNxnteKwbtwEh5EMbCATj7yYoEhxKPUcIdLRkEMNBAqud4V0x6RhILONq9DsKZPnoX6adkyy9bdWbFyncWRQ/voAJWQhc5RBd2iKqohip7RK/pAn8aL8WZ8GcNJ64KRzeyhf2V8/wCd6Kbz</latexit><latexit sha1_base64="56n1pgZcQMk8AAVi4Mk42FdQ5o4=">AAACKHicbZDLSsNAFIYnXmu9VV26GSxiXVgSEXQjFt24rGAv0sQymU7aoZMLMydCCXkcN76KGxFFuvVJnLZBtO2BgY//P4c553cjwRWY5tBYWFxaXlnNreXXNza3tgs7u3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13P7NyG88Mal4GNzDIGKOT7oB9zgloKV24cruEUhslwFJ8SUu2T6BnuslzaP0F9Pjx+TESudYD2m7UDTL5rjwLFgZFFFW1Xbh3e6ENPZZAFQQpVqWGYGTEAmcCpbm7VixiNA+6bKWxoD4TDnJ+NAUH2qlg71Q6hcAHqt/JxLiKzXwXd052lBNeyNxnteKwbtwEh5EMbCATj7yYoEhxKPUcIdLRkEMNBAqud4V0x6RhILONq9DsKZPnoX6adkyy9bdWbFyncWRQ/voAJWQhc5RBd2iKqohip7RK/pAn8aL8WZ8GcNJ64KRzeyhf2V8/wCd6Kbz</latexit>
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LinAlg Detour

Y = m1X1 + m2X2 + m3X3 + m4X4

Y = X�
<latexit sha1_base64="YaoYYITUP9CUTRmh9oPO2IUGZ2A=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwVRIRdCMU3bisYB/SlDKZTtqhk0mYmQglZOPGX3HjQhG3/oM7/8ZJG0FbDwycOede7r3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+655KxSJxq8cx7YZ4IFjACNZG6tkHXoj10A/SuwxdoJ9PO/N8qnHPrjhVZwI0T9yCVKBAvWd/ev2IJCEVmnCsVMd1Yt1NsdSMcJqVvUTRGJMRHtCOoQKHVHXTyRUZOjJKHwWRNE9oNFF/d6Q4VGoc+qYyX1PNern4n9dJdHDeTZmIE00FmQ4KEo50hPJIUJ9JSjQfG4KJZGZXRIZYYqJNcGUTgjt78jxpnlRdp+renFZql0UcJdiHQzgGF86gBtdQhwYQeIAneIFX69F6tt6s92npglX07MEfWB/fVf2YdQ==</latexit><latexit sha1_base64="YaoYYITUP9CUTRmh9oPO2IUGZ2A=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwVRIRdCMU3bisYB/SlDKZTtqhk0mYmQglZOPGX3HjQhG3/oM7/8ZJG0FbDwycOede7r3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+655KxSJxq8cx7YZ4IFjACNZG6tkHXoj10A/SuwxdoJ9PO/N8qnHPrjhVZwI0T9yCVKBAvWd/ev2IJCEVmnCsVMd1Yt1NsdSMcJqVvUTRGJMRHtCOoQKHVHXTyRUZOjJKHwWRNE9oNFF/d6Q4VGoc+qYyX1PNern4n9dJdHDeTZmIE00FmQ4KEo50hPJIUJ9JSjQfG4KJZGZXRIZYYqJNcGUTgjt78jxpnlRdp+renFZql0UcJdiHQzgGF86gBtdQhwYQeIAneIFX69F6tt6s92npglX07MEfWB/fVf2YdQ==</latexit><latexit sha1_base64="YaoYYITUP9CUTRmh9oPO2IUGZ2A=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwVRIRdCMU3bisYB/SlDKZTtqhk0mYmQglZOPGX3HjQhG3/oM7/8ZJG0FbDwycOede7r3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+655KxSJxq8cx7YZ4IFjACNZG6tkHXoj10A/SuwxdoJ9PO/N8qnHPrjhVZwI0T9yCVKBAvWd/ev2IJCEVmnCsVMd1Yt1NsdSMcJqVvUTRGJMRHtCOoQKHVHXTyRUZOjJKHwWRNE9oNFF/d6Q4VGoc+qYyX1PNern4n9dJdHDeTZmIE00FmQ4KEo50hPJIUJ9JSjQfG4KJZGZXRIZYYqJNcGUTgjt78jxpnlRdp+renFZql0UcJdiHQzgGF86gBtdQhwYQeIAneIFX69F6tt6s92npglX07MEfWB/fVf2YdQ==</latexit><latexit sha1_base64="YaoYYITUP9CUTRmh9oPO2IUGZ2A=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwVRIRdCMU3bisYB/SlDKZTtqhk0mYmQglZOPGX3HjQhG3/oM7/8ZJG0FbDwycOede7r3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+655KxSJxq8cx7YZ4IFjACNZG6tkHXoj10A/SuwxdoJ9PO/N8qnHPrjhVZwI0T9yCVKBAvWd/ev2IJCEVmnCsVMd1Yt1NsdSMcJqVvUTRGJMRHtCOoQKHVHXTyRUZOjJKHwWRNE9oNFF/d6Q4VGoc+qYyX1PNern4n9dJdHDeTZmIE00FmQ4KEo50hPJIUJ9JSjQfG4KJZGZXRIZYYqJNcGUTgjt78jxpnlRdp+renFZql0UcJdiHQzgGF86gBtdQhwYQeIAneIFX69F6tt6s92npglX07MEfWB/fVf2YdQ==</latexit>

�̂ = (X0X)�1X0Y
<latexit sha1_base64="56n1pgZcQMk8AAVi4Mk42FdQ5o4=">AAACKHicbZDLSsNAFIYnXmu9VV26GSxiXVgSEXQjFt24rGAv0sQymU7aoZMLMydCCXkcN76KGxFFuvVJnLZBtO2BgY//P4c553cjwRWY5tBYWFxaXlnNreXXNza3tgs7u3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13P7NyG88Mal4GNzDIGKOT7oB9zgloKV24cruEUhslwFJ8SUu2T6BnuslzaP0F9Pjx+TESudYD2m7UDTL5rjwLFgZFFFW1Xbh3e6ENPZZAFQQpVqWGYGTEAmcCpbm7VixiNA+6bKWxoD4TDnJ+NAUH2qlg71Q6hcAHqt/JxLiKzXwXd052lBNeyNxnteKwbtwEh5EMbCATj7yYoEhxKPUcIdLRkEMNBAqud4V0x6RhILONq9DsKZPnoX6adkyy9bdWbFyncWRQ/voAJWQhc5RBd2iKqohip7RK/pAn8aL8WZ8GcNJ64KRzeyhf2V8/wCd6Kbz</latexit><latexit sha1_base64="56n1pgZcQMk8AAVi4Mk42FdQ5o4=">AAACKHicbZDLSsNAFIYnXmu9VV26GSxiXVgSEXQjFt24rGAv0sQymU7aoZMLMydCCXkcN76KGxFFuvVJnLZBtO2BgY//P4c553cjwRWY5tBYWFxaXlnNreXXNza3tgs7u3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13P7NyG88Mal4GNzDIGKOT7oB9zgloKV24cruEUhslwFJ8SUu2T6BnuslzaP0F9Pjx+TESudYD2m7UDTL5rjwLFgZFFFW1Xbh3e6ENPZZAFQQpVqWGYGTEAmcCpbm7VixiNA+6bKWxoD4TDnJ+NAUH2qlg71Q6hcAHqt/JxLiKzXwXd052lBNeyNxnteKwbtwEh5EMbCATj7yYoEhxKPUcIdLRkEMNBAqud4V0x6RhILONq9DsKZPnoX6adkyy9bdWbFyncWRQ/voAJWQhc5RBd2iKqohip7RK/pAn8aL8WZ8GcNJ64KRzeyhf2V8/wCd6Kbz</latexit><latexit sha1_base64="56n1pgZcQMk8AAVi4Mk42FdQ5o4=">AAACKHicbZDLSsNAFIYnXmu9VV26GSxiXVgSEXQjFt24rGAv0sQymU7aoZMLMydCCXkcN76KGxFFuvVJnLZBtO2BgY//P4c553cjwRWY5tBYWFxaXlnNreXXNza3tgs7u3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13P7NyG88Mal4GNzDIGKOT7oB9zgloKV24cruEUhslwFJ8SUu2T6BnuslzaP0F9Pjx+TESudYD2m7UDTL5rjwLFgZFFFW1Xbh3e6ENPZZAFQQpVqWGYGTEAmcCpbm7VixiNA+6bKWxoD4TDnJ+NAUH2qlg71Q6hcAHqt/JxLiKzXwXd052lBNeyNxnteKwbtwEh5EMbCATj7yYoEhxKPUcIdLRkEMNBAqud4V0x6RhILONq9DsKZPnoX6adkyy9bdWbFyncWRQ/voAJWQhc5RBd2iKqohip7RK/pAn8aL8WZ8GcNJ64KRzeyhf2V8/wCd6Kbz</latexit><latexit sha1_base64="56n1pgZcQMk8AAVi4Mk42FdQ5o4=">AAACKHicbZDLSsNAFIYnXmu9VV26GSxiXVgSEXQjFt24rGAv0sQymU7aoZMLMydCCXkcN76KGxFFuvVJnLZBtO2BgY//P4c553cjwRWY5tBYWFxaXlnNreXXNza3tgs7u3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13P7NyG88Mal4GNzDIGKOT7oB9zgloKV24cruEUhslwFJ8SUu2T6BnuslzaP0F9Pjx+TESudYD2m7UDTL5rjwLFgZFFFW1Xbh3e6ENPZZAFQQpVqWGYGTEAmcCpbm7VixiNA+6bKWxoD4TDnJ+NAUH2qlg71Q6hcAHqt/JxLiKzXwXd052lBNeyNxnteKwbtwEh5EMbCATj7yYoEhxKPUcIdLRkEMNBAqud4V0x6RhILONq9DsKZPnoX6adkyy9bdWbFyncWRQ/voAJWQhc5RBd2iKqohip7RK/pAn8aL8WZ8GcNJ64KRzeyhf2V8/wCd6Kbz</latexit>
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LinAlg Detour

Y = m1X1 + m2X2 + m3X3 + m4X4

Y = X�
<latexit sha1_base64="YaoYYITUP9CUTRmh9oPO2IUGZ2A=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwVRIRdCMU3bisYB/SlDKZTtqhk0mYmQglZOPGX3HjQhG3/oM7/8ZJG0FbDwycOede7r3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+655KxSJxq8cx7YZ4IFjACNZG6tkHXoj10A/SuwxdoJ9PO/N8qnHPrjhVZwI0T9yCVKBAvWd/ev2IJCEVmnCsVMd1Yt1NsdSMcJqVvUTRGJMRHtCOoQKHVHXTyRUZOjJKHwWRNE9oNFF/d6Q4VGoc+qYyX1PNern4n9dJdHDeTZmIE00FmQ4KEo50hPJIUJ9JSjQfG4KJZGZXRIZYYqJNcGUTgjt78jxpnlRdp+renFZql0UcJdiHQzgGF86gBtdQhwYQeIAneIFX69F6tt6s92npglX07MEfWB/fVf2YdQ==</latexit><latexit sha1_base64="YaoYYITUP9CUTRmh9oPO2IUGZ2A=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwVRIRdCMU3bisYB/SlDKZTtqhk0mYmQglZOPGX3HjQhG3/oM7/8ZJG0FbDwycOede7r3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+655KxSJxq8cx7YZ4IFjACNZG6tkHXoj10A/SuwxdoJ9PO/N8qnHPrjhVZwI0T9yCVKBAvWd/ev2IJCEVmnCsVMd1Yt1NsdSMcJqVvUTRGJMRHtCOoQKHVHXTyRUZOjJKHwWRNE9oNFF/d6Q4VGoc+qYyX1PNern4n9dJdHDeTZmIE00FmQ4KEo50hPJIUJ9JSjQfG4KJZGZXRIZYYqJNcGUTgjt78jxpnlRdp+renFZql0UcJdiHQzgGF86gBtdQhwYQeIAneIFX69F6tt6s92npglX07MEfWB/fVf2YdQ==</latexit><latexit sha1_base64="YaoYYITUP9CUTRmh9oPO2IUGZ2A=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwVRIRdCMU3bisYB/SlDKZTtqhk0mYmQglZOPGX3HjQhG3/oM7/8ZJG0FbDwycOede7r3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+655KxSJxq8cx7YZ4IFjACNZG6tkHXoj10A/SuwxdoJ9PO/N8qnHPrjhVZwI0T9yCVKBAvWd/ev2IJCEVmnCsVMd1Yt1NsdSMcJqVvUTRGJMRHtCOoQKHVHXTyRUZOjJKHwWRNE9oNFF/d6Q4VGoc+qYyX1PNern4n9dJdHDeTZmIE00FmQ4KEo50hPJIUJ9JSjQfG4KJZGZXRIZYYqJNcGUTgjt78jxpnlRdp+renFZql0UcJdiHQzgGF86gBtdQhwYQeIAneIFX69F6tt6s92npglX07MEfWB/fVf2YdQ==</latexit><latexit sha1_base64="YaoYYITUP9CUTRmh9oPO2IUGZ2A=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwVRIRdCMU3bisYB/SlDKZTtqhk0mYmQglZOPGX3HjQhG3/oM7/8ZJG0FbDwycOede7r3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+655KxSJxq8cx7YZ4IFjACNZG6tkHXoj10A/SuwxdoJ9PO/N8qnHPrjhVZwI0T9yCVKBAvWd/ev2IJCEVmnCsVMd1Yt1NsdSMcJqVvUTRGJMRHtCOoQKHVHXTyRUZOjJKHwWRNE9oNFF/d6Q4VGoc+qYyX1PNern4n9dJdHDeTZmIE00FmQ4KEo50hPJIUJ9JSjQfG4KJZGZXRIZYYqJNcGUTgjt78jxpnlRdp+renFZql0UcJdiHQzgGF86gBtdQhwYQeIAneIFX69F6tt6s92npglX07MEfWB/fVf2YdQ==</latexit>

�̂ = (X0X)�1X0Y
<latexit sha1_base64="56n1pgZcQMk8AAVi4Mk42FdQ5o4=">AAACKHicbZDLSsNAFIYnXmu9VV26GSxiXVgSEXQjFt24rGAv0sQymU7aoZMLMydCCXkcN76KGxFFuvVJnLZBtO2BgY//P4c553cjwRWY5tBYWFxaXlnNreXXNza3tgs7u3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13P7NyG88Mal4GNzDIGKOT7oB9zgloKV24cruEUhslwFJ8SUu2T6BnuslzaP0F9Pjx+TESudYD2m7UDTL5rjwLFgZFFFW1Xbh3e6ENPZZAFQQpVqWGYGTEAmcCpbm7VixiNA+6bKWxoD4TDnJ+NAUH2qlg71Q6hcAHqt/JxLiKzXwXd052lBNeyNxnteKwbtwEh5EMbCATj7yYoEhxKPUcIdLRkEMNBAqud4V0x6RhILONq9DsKZPnoX6adkyy9bdWbFyncWRQ/voAJWQhc5RBd2iKqohip7RK/pAn8aL8WZ8GcNJ64KRzeyhf2V8/wCd6Kbz</latexit><latexit sha1_base64="56n1pgZcQMk8AAVi4Mk42FdQ5o4=">AAACKHicbZDLSsNAFIYnXmu9VV26GSxiXVgSEXQjFt24rGAv0sQymU7aoZMLMydCCXkcN76KGxFFuvVJnLZBtO2BgY//P4c553cjwRWY5tBYWFxaXlnNreXXNza3tgs7u3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13P7NyG88Mal4GNzDIGKOT7oB9zgloKV24cruEUhslwFJ8SUu2T6BnuslzaP0F9Pjx+TESudYD2m7UDTL5rjwLFgZFFFW1Xbh3e6ENPZZAFQQpVqWGYGTEAmcCpbm7VixiNA+6bKWxoD4TDnJ+NAUH2qlg71Q6hcAHqt/JxLiKzXwXd052lBNeyNxnteKwbtwEh5EMbCATj7yYoEhxKPUcIdLRkEMNBAqud4V0x6RhILONq9DsKZPnoX6adkyy9bdWbFyncWRQ/voAJWQhc5RBd2iKqohip7RK/pAn8aL8WZ8GcNJ64KRzeyhf2V8/wCd6Kbz</latexit><latexit sha1_base64="56n1pgZcQMk8AAVi4Mk42FdQ5o4=">AAACKHicbZDLSsNAFIYnXmu9VV26GSxiXVgSEXQjFt24rGAv0sQymU7aoZMLMydCCXkcN76KGxFFuvVJnLZBtO2BgY//P4c553cjwRWY5tBYWFxaXlnNreXXNza3tgs7u3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13P7NyG88Mal4GNzDIGKOT7oB9zgloKV24cruEUhslwFJ8SUu2T6BnuslzaP0F9Pjx+TESudYD2m7UDTL5rjwLFgZFFFW1Xbh3e6ENPZZAFQQpVqWGYGTEAmcCpbm7VixiNA+6bKWxoD4TDnJ+NAUH2qlg71Q6hcAHqt/JxLiKzXwXd052lBNeyNxnteKwbtwEh5EMbCATj7yYoEhxKPUcIdLRkEMNBAqud4V0x6RhILONq9DsKZPnoX6adkyy9bdWbFyncWRQ/voAJWQhc5RBd2iKqohip7RK/pAn8aL8WZ8GcNJ64KRzeyhf2V8/wCd6Kbz</latexit><latexit sha1_base64="56n1pgZcQMk8AAVi4Mk42FdQ5o4=">AAACKHicbZDLSsNAFIYnXmu9VV26GSxiXVgSEXQjFt24rGAv0sQymU7aoZMLMydCCXkcN76KGxFFuvVJnLZBtO2BgY//P4c553cjwRWY5tBYWFxaXlnNreXXNza3tgs7u3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13P7NyG88Mal4GNzDIGKOT7oB9zgloKV24cruEUhslwFJ8SUu2T6BnuslzaP0F9Pjx+TESudYD2m7UDTL5rjwLFgZFFFW1Xbh3e6ENPZZAFQQpVqWGYGTEAmcCpbm7VixiNA+6bKWxoD4TDnJ+NAUH2qlg71Q6hcAHqt/JxLiKzXwXd052lBNeyNxnteKwbtwEh5EMbCATj7yYoEhxKPUcIdLRkEMNBAqud4V0x6RhILONq9DsKZPnoX6adkyy9bdWbFyncWRQ/voAJWQhc5RBd2iKqohip7RK/pAn8aL8WZ8GcNJ64KRzeyhf2V8/wCd6Kbz</latexit>

Matrices of observations
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LinAlg Detour

Y = m1X1 + m2X2 + m3X3 + m4X4

Y = X�
<latexit sha1_base64="YaoYYITUP9CUTRmh9oPO2IUGZ2A=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwVRIRdCMU3bisYB/SlDKZTtqhk0mYmQglZOPGX3HjQhG3/oM7/8ZJG0FbDwycOede7r3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+655KxSJxq8cx7YZ4IFjACNZG6tkHXoj10A/SuwxdoJ9PO/N8qnHPrjhVZwI0T9yCVKBAvWd/ev2IJCEVmnCsVMd1Yt1NsdSMcJqVvUTRGJMRHtCOoQKHVHXTyRUZOjJKHwWRNE9oNFF/d6Q4VGoc+qYyX1PNern4n9dJdHDeTZmIE00FmQ4KEo50hPJIUJ9JSjQfG4KJZGZXRIZYYqJNcGUTgjt78jxpnlRdp+renFZql0UcJdiHQzgGF86gBtdQhwYQeIAneIFX69F6tt6s92npglX07MEfWB/fVf2YdQ==</latexit><latexit sha1_base64="YaoYYITUP9CUTRmh9oPO2IUGZ2A=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwVRIRdCMU3bisYB/SlDKZTtqhk0mYmQglZOPGX3HjQhG3/oM7/8ZJG0FbDwycOede7r3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+655KxSJxq8cx7YZ4IFjACNZG6tkHXoj10A/SuwxdoJ9PO/N8qnHPrjhVZwI0T9yCVKBAvWd/ev2IJCEVmnCsVMd1Yt1NsdSMcJqVvUTRGJMRHtCOoQKHVHXTyRUZOjJKHwWRNE9oNFF/d6Q4VGoc+qYyX1PNern4n9dJdHDeTZmIE00FmQ4KEo50hPJIUJ9JSjQfG4KJZGZXRIZYYqJNcGUTgjt78jxpnlRdp+renFZql0UcJdiHQzgGF86gBtdQhwYQeIAneIFX69F6tt6s92npglX07MEfWB/fVf2YdQ==</latexit><latexit sha1_base64="YaoYYITUP9CUTRmh9oPO2IUGZ2A=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwVRIRdCMU3bisYB/SlDKZTtqhk0mYmQglZOPGX3HjQhG3/oM7/8ZJG0FbDwycOede7r3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+655KxSJxq8cx7YZ4IFjACNZG6tkHXoj10A/SuwxdoJ9PO/N8qnHPrjhVZwI0T9yCVKBAvWd/ev2IJCEVmnCsVMd1Yt1NsdSMcJqVvUTRGJMRHtCOoQKHVHXTyRUZOjJKHwWRNE9oNFF/d6Q4VGoc+qYyX1PNern4n9dJdHDeTZmIE00FmQ4KEo50hPJIUJ9JSjQfG4KJZGZXRIZYYqJNcGUTgjt78jxpnlRdp+renFZql0UcJdiHQzgGF86gBtdQhwYQeIAneIFX69F6tt6s92npglX07MEfWB/fVf2YdQ==</latexit><latexit sha1_base64="YaoYYITUP9CUTRmh9oPO2IUGZ2A=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwVRIRdCMU3bisYB/SlDKZTtqhk0mYmQglZOPGX3HjQhG3/oM7/8ZJG0FbDwycOede7r3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+655KxSJxq8cx7YZ4IFjACNZG6tkHXoj10A/SuwxdoJ9PO/N8qnHPrjhVZwI0T9yCVKBAvWd/ev2IJCEVmnCsVMd1Yt1NsdSMcJqVvUTRGJMRHtCOoQKHVHXTyRUZOjJKHwWRNE9oNFF/d6Q4VGoc+qYyX1PNern4n9dJdHDeTZmIE00FmQ4KEo50hPJIUJ9JSjQfG4KJZGZXRIZYYqJNcGUTgjt78jxpnlRdp+renFZql0UcJdiHQzgGF86gBtdQhwYQeIAneIFX69F6tt6s92npglX07MEfWB/fVf2YdQ==</latexit>

�̂ = (X0X)�1X0Y
<latexit sha1_base64="56n1pgZcQMk8AAVi4Mk42FdQ5o4=">AAACKHicbZDLSsNAFIYnXmu9VV26GSxiXVgSEXQjFt24rGAv0sQymU7aoZMLMydCCXkcN76KGxFFuvVJnLZBtO2BgY//P4c553cjwRWY5tBYWFxaXlnNreXXNza3tgs7u3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13P7NyG88Mal4GNzDIGKOT7oB9zgloKV24cruEUhslwFJ8SUu2T6BnuslzaP0F9Pjx+TESudYD2m7UDTL5rjwLFgZFFFW1Xbh3e6ENPZZAFQQpVqWGYGTEAmcCpbm7VixiNA+6bKWxoD4TDnJ+NAUH2qlg71Q6hcAHqt/JxLiKzXwXd052lBNeyNxnteKwbtwEh5EMbCATj7yYoEhxKPUcIdLRkEMNBAqud4V0x6RhILONq9DsKZPnoX6adkyy9bdWbFyncWRQ/voAJWQhc5RBd2iKqohip7RK/pAn8aL8WZ8GcNJ64KRzeyhf2V8/wCd6Kbz</latexit><latexit sha1_base64="56n1pgZcQMk8AAVi4Mk42FdQ5o4=">AAACKHicbZDLSsNAFIYnXmu9VV26GSxiXVgSEXQjFt24rGAv0sQymU7aoZMLMydCCXkcN76KGxFFuvVJnLZBtO2BgY//P4c553cjwRWY5tBYWFxaXlnNreXXNza3tgs7u3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13P7NyG88Mal4GNzDIGKOT7oB9zgloKV24cruEUhslwFJ8SUu2T6BnuslzaP0F9Pjx+TESudYD2m7UDTL5rjwLFgZFFFW1Xbh3e6ENPZZAFQQpVqWGYGTEAmcCpbm7VixiNA+6bKWxoD4TDnJ+NAUH2qlg71Q6hcAHqt/JxLiKzXwXd052lBNeyNxnteKwbtwEh5EMbCATj7yYoEhxKPUcIdLRkEMNBAqud4V0x6RhILONq9DsKZPnoX6adkyy9bdWbFyncWRQ/voAJWQhc5RBd2iKqohip7RK/pAn8aL8WZ8GcNJ64KRzeyhf2V8/wCd6Kbz</latexit><latexit sha1_base64="56n1pgZcQMk8AAVi4Mk42FdQ5o4=">AAACKHicbZDLSsNAFIYnXmu9VV26GSxiXVgSEXQjFt24rGAv0sQymU7aoZMLMydCCXkcN76KGxFFuvVJnLZBtO2BgY//P4c553cjwRWY5tBYWFxaXlnNreXXNza3tgs7u3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13P7NyG88Mal4GNzDIGKOT7oB9zgloKV24cruEUhslwFJ8SUu2T6BnuslzaP0F9Pjx+TESudYD2m7UDTL5rjwLFgZFFFW1Xbh3e6ENPZZAFQQpVqWGYGTEAmcCpbm7VixiNA+6bKWxoD4TDnJ+NAUH2qlg71Q6hcAHqt/JxLiKzXwXd052lBNeyNxnteKwbtwEh5EMbCATj7yYoEhxKPUcIdLRkEMNBAqud4V0x6RhILONq9DsKZPnoX6adkyy9bdWbFyncWRQ/voAJWQhc5RBd2iKqohip7RK/pAn8aL8WZ8GcNJ64KRzeyhf2V8/wCd6Kbz</latexit><latexit sha1_base64="56n1pgZcQMk8AAVi4Mk42FdQ5o4=">AAACKHicbZDLSsNAFIYnXmu9VV26GSxiXVgSEXQjFt24rGAv0sQymU7aoZMLMydCCXkcN76KGxFFuvVJnLZBtO2BgY//P4c553cjwRWY5tBYWFxaXlnNreXXNza3tgs7u3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13P7NyG88Mal4GNzDIGKOT7oB9zgloKV24cruEUhslwFJ8SUu2T6BnuslzaP0F9Pjx+TESudYD2m7UDTL5rjwLFgZFFFW1Xbh3e6ENPZZAFQQpVqWGYGTEAmcCpbm7VixiNA+6bKWxoD4TDnJ+NAUH2qlg71Q6hcAHqt/JxLiKzXwXd052lBNeyNxnteKwbtwEh5EMbCATj7yYoEhxKPUcIdLRkEMNBAqud4V0x6RhILONq9DsKZPnoX6adkyy9bdWbFyncWRQ/voAJWQhc5RBd2iKqohip7RK/pAn8aL8WZ8GcNJ64KRzeyhf2V8/wCd6Kbz</latexit>

Vector of coefficients

116



LinAlg Detour

Y = m1X1 + m2X2 + m3X3 + m4X4

Y = X�
<latexit sha1_base64="YaoYYITUP9CUTRmh9oPO2IUGZ2A=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwVRIRdCMU3bisYB/SlDKZTtqhk0mYmQglZOPGX3HjQhG3/oM7/8ZJG0FbDwycOede7r3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+655KxSJxq8cx7YZ4IFjACNZG6tkHXoj10A/SuwxdoJ9PO/N8qnHPrjhVZwI0T9yCVKBAvWd/ev2IJCEVmnCsVMd1Yt1NsdSMcJqVvUTRGJMRHtCOoQKHVHXTyRUZOjJKHwWRNE9oNFF/d6Q4VGoc+qYyX1PNern4n9dJdHDeTZmIE00FmQ4KEo50hPJIUJ9JSjQfG4KJZGZXRIZYYqJNcGUTgjt78jxpnlRdp+renFZql0UcJdiHQzgGF86gBtdQhwYQeIAneIFX69F6tt6s92npglX07MEfWB/fVf2YdQ==</latexit><latexit sha1_base64="YaoYYITUP9CUTRmh9oPO2IUGZ2A=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwVRIRdCMU3bisYB/SlDKZTtqhk0mYmQglZOPGX3HjQhG3/oM7/8ZJG0FbDwycOede7r3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+655KxSJxq8cx7YZ4IFjACNZG6tkHXoj10A/SuwxdoJ9PO/N8qnHPrjhVZwI0T9yCVKBAvWd/ev2IJCEVmnCsVMd1Yt1NsdSMcJqVvUTRGJMRHtCOoQKHVHXTyRUZOjJKHwWRNE9oNFF/d6Q4VGoc+qYyX1PNern4n9dJdHDeTZmIE00FmQ4KEo50hPJIUJ9JSjQfG4KJZGZXRIZYYqJNcGUTgjt78jxpnlRdp+renFZql0UcJdiHQzgGF86gBtdQhwYQeIAneIFX69F6tt6s92npglX07MEfWB/fVf2YdQ==</latexit><latexit sha1_base64="YaoYYITUP9CUTRmh9oPO2IUGZ2A=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwVRIRdCMU3bisYB/SlDKZTtqhk0mYmQglZOPGX3HjQhG3/oM7/8ZJG0FbDwycOede7r3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+655KxSJxq8cx7YZ4IFjACNZG6tkHXoj10A/SuwxdoJ9PO/N8qnHPrjhVZwI0T9yCVKBAvWd/ev2IJCEVmnCsVMd1Yt1NsdSMcJqVvUTRGJMRHtCOoQKHVHXTyRUZOjJKHwWRNE9oNFF/d6Q4VGoc+qYyX1PNern4n9dJdHDeTZmIE00FmQ4KEo50hPJIUJ9JSjQfG4KJZGZXRIZYYqJNcGUTgjt78jxpnlRdp+renFZql0UcJdiHQzgGF86gBtdQhwYQeIAneIFX69F6tt6s92npglX07MEfWB/fVf2YdQ==</latexit><latexit sha1_base64="YaoYYITUP9CUTRmh9oPO2IUGZ2A=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwVRIRdCMU3bisYB/SlDKZTtqhk0mYmQglZOPGX3HjQhG3/oM7/8ZJG0FbDwycOede7r3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+655KxSJxq8cx7YZ4IFjACNZG6tkHXoj10A/SuwxdoJ9PO/N8qnHPrjhVZwI0T9yCVKBAvWd/ev2IJCEVmnCsVMd1Yt1NsdSMcJqVvUTRGJMRHtCOoQKHVHXTyRUZOjJKHwWRNE9oNFF/d6Q4VGoc+qYyX1PNern4n9dJdHDeTZmIE00FmQ4KEo50hPJIUJ9JSjQfG4KJZGZXRIZYYqJNcGUTgjt78jxpnlRdp+renFZql0UcJdiHQzgGF86gBtdQhwYQeIAneIFX69F6tt6s92npglX07MEfWB/fVf2YdQ==</latexit>

�̂ = (X0X)�1X0Y
<latexit sha1_base64="56n1pgZcQMk8AAVi4Mk42FdQ5o4=">AAACKHicbZDLSsNAFIYnXmu9VV26GSxiXVgSEXQjFt24rGAv0sQymU7aoZMLMydCCXkcN76KGxFFuvVJnLZBtO2BgY//P4c553cjwRWY5tBYWFxaXlnNreXXNza3tgs7u3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13P7NyG88Mal4GNzDIGKOT7oB9zgloKV24cruEUhslwFJ8SUu2T6BnuslzaP0F9Pjx+TESudYD2m7UDTL5rjwLFgZFFFW1Xbh3e6ENPZZAFQQpVqWGYGTEAmcCpbm7VixiNA+6bKWxoD4TDnJ+NAUH2qlg71Q6hcAHqt/JxLiKzXwXd052lBNeyNxnteKwbtwEh5EMbCATj7yYoEhxKPUcIdLRkEMNBAqud4V0x6RhILONq9DsKZPnoX6adkyy9bdWbFyncWRQ/voAJWQhc5RBd2iKqohip7RK/pAn8aL8WZ8GcNJ64KRzeyhf2V8/wCd6Kbz</latexit><latexit sha1_base64="56n1pgZcQMk8AAVi4Mk42FdQ5o4=">AAACKHicbZDLSsNAFIYnXmu9VV26GSxiXVgSEXQjFt24rGAv0sQymU7aoZMLMydCCXkcN76KGxFFuvVJnLZBtO2BgY//P4c553cjwRWY5tBYWFxaXlnNreXXNza3tgs7u3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13P7NyG88Mal4GNzDIGKOT7oB9zgloKV24cruEUhslwFJ8SUu2T6BnuslzaP0F9Pjx+TESudYD2m7UDTL5rjwLFgZFFFW1Xbh3e6ENPZZAFQQpVqWGYGTEAmcCpbm7VixiNA+6bKWxoD4TDnJ+NAUH2qlg71Q6hcAHqt/JxLiKzXwXd052lBNeyNxnteKwbtwEh5EMbCATj7yYoEhxKPUcIdLRkEMNBAqud4V0x6RhILONq9DsKZPnoX6adkyy9bdWbFyncWRQ/voAJWQhc5RBd2iKqohip7RK/pAn8aL8WZ8GcNJ64KRzeyhf2V8/wCd6Kbz</latexit><latexit sha1_base64="56n1pgZcQMk8AAVi4Mk42FdQ5o4=">AAACKHicbZDLSsNAFIYnXmu9VV26GSxiXVgSEXQjFt24rGAv0sQymU7aoZMLMydCCXkcN76KGxFFuvVJnLZBtO2BgY//P4c553cjwRWY5tBYWFxaXlnNreXXNza3tgs7u3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13P7NyG88Mal4GNzDIGKOT7oB9zgloKV24cruEUhslwFJ8SUu2T6BnuslzaP0F9Pjx+TESudYD2m7UDTL5rjwLFgZFFFW1Xbh3e6ENPZZAFQQpVqWGYGTEAmcCpbm7VixiNA+6bKWxoD4TDnJ+NAUH2qlg71Q6hcAHqt/JxLiKzXwXd052lBNeyNxnteKwbtwEh5EMbCATj7yYoEhxKPUcIdLRkEMNBAqud4V0x6RhILONq9DsKZPnoX6adkyy9bdWbFyncWRQ/voAJWQhc5RBd2iKqohip7RK/pAn8aL8WZ8GcNJ64KRzeyhf2V8/wCd6Kbz</latexit><latexit sha1_base64="56n1pgZcQMk8AAVi4Mk42FdQ5o4=">AAACKHicbZDLSsNAFIYnXmu9VV26GSxiXVgSEXQjFt24rGAv0sQymU7aoZMLMydCCXkcN76KGxFFuvVJnLZBtO2BgY//P4c553cjwRWY5tBYWFxaXlnNreXXNza3tgs7u3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13P7NyG88Mal4GNzDIGKOT7oB9zgloKV24cruEUhslwFJ8SUu2T6BnuslzaP0F9Pjx+TESudYD2m7UDTL5rjwLFgZFFFW1Xbh3e6ENPZZAFQQpVqWGYGTEAmcCpbm7VixiNA+6bKWxoD4TDnJ+NAUH2qlg71Q6hcAHqt/JxLiKzXwXd052lBNeyNxnteKwbtwEh5EMbCATj7yYoEhxKPUcIdLRkEMNBAqud4V0x6RhILONq9DsKZPnoX6adkyy9bdWbFyncWRQ/voAJWQhc5RBd2iKqohip7RK/pAn8aL8WZ8GcNJ64KRzeyhf2V8/wCd6Kbz</latexit>

X Transpose

a b 
c dX = 

a c 
b dX’ = 
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LinAlg Detour

Y = m1X1 + m2X2 + m3X3 + m4X4

Y = X�
<latexit sha1_base64="YaoYYITUP9CUTRmh9oPO2IUGZ2A=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwVRIRdCMU3bisYB/SlDKZTtqhk0mYmQglZOPGX3HjQhG3/oM7/8ZJG0FbDwycOede7r3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+655KxSJxq8cx7YZ4IFjACNZG6tkHXoj10A/SuwxdoJ9PO/N8qnHPrjhVZwI0T9yCVKBAvWd/ev2IJCEVmnCsVMd1Yt1NsdSMcJqVvUTRGJMRHtCOoQKHVHXTyRUZOjJKHwWRNE9oNFF/d6Q4VGoc+qYyX1PNern4n9dJdHDeTZmIE00FmQ4KEo50hPJIUJ9JSjQfG4KJZGZXRIZYYqJNcGUTgjt78jxpnlRdp+renFZql0UcJdiHQzgGF86gBtdQhwYQeIAneIFX69F6tt6s92npglX07MEfWB/fVf2YdQ==</latexit><latexit sha1_base64="YaoYYITUP9CUTRmh9oPO2IUGZ2A=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwVRIRdCMU3bisYB/SlDKZTtqhk0mYmQglZOPGX3HjQhG3/oM7/8ZJG0FbDwycOede7r3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+655KxSJxq8cx7YZ4IFjACNZG6tkHXoj10A/SuwxdoJ9PO/N8qnHPrjhVZwI0T9yCVKBAvWd/ev2IJCEVmnCsVMd1Yt1NsdSMcJqVvUTRGJMRHtCOoQKHVHXTyRUZOjJKHwWRNE9oNFF/d6Q4VGoc+qYyX1PNern4n9dJdHDeTZmIE00FmQ4KEo50hPJIUJ9JSjQfG4KJZGZXRIZYYqJNcGUTgjt78jxpnlRdp+renFZql0UcJdiHQzgGF86gBtdQhwYQeIAneIFX69F6tt6s92npglX07MEfWB/fVf2YdQ==</latexit><latexit sha1_base64="YaoYYITUP9CUTRmh9oPO2IUGZ2A=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwVRIRdCMU3bisYB/SlDKZTtqhk0mYmQglZOPGX3HjQhG3/oM7/8ZJG0FbDwycOede7r3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+655KxSJxq8cx7YZ4IFjACNZG6tkHXoj10A/SuwxdoJ9PO/N8qnHPrjhVZwI0T9yCVKBAvWd/ev2IJCEVmnCsVMd1Yt1NsdSMcJqVvUTRGJMRHtCOoQKHVHXTyRUZOjJKHwWRNE9oNFF/d6Q4VGoc+qYyX1PNern4n9dJdHDeTZmIE00FmQ4KEo50hPJIUJ9JSjQfG4KJZGZXRIZYYqJNcGUTgjt78jxpnlRdp+renFZql0UcJdiHQzgGF86gBtdQhwYQeIAneIFX69F6tt6s92npglX07MEfWB/fVf2YdQ==</latexit><latexit sha1_base64="YaoYYITUP9CUTRmh9oPO2IUGZ2A=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwVRIRdCMU3bisYB/SlDKZTtqhk0mYmQglZOPGX3HjQhG3/oM7/8ZJG0FbDwycOede7r3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+655KxSJxq8cx7YZ4IFjACNZG6tkHXoj10A/SuwxdoJ9PO/N8qnHPrjhVZwI0T9yCVKBAvWd/ev2IJCEVmnCsVMd1Yt1NsdSMcJqVvUTRGJMRHtCOoQKHVHXTyRUZOjJKHwWRNE9oNFF/d6Q4VGoc+qYyX1PNern4n9dJdHDeTZmIE00FmQ4KEo50hPJIUJ9JSjQfG4KJZGZXRIZYYqJNcGUTgjt78jxpnlRdp+renFZql0UcJdiHQzgGF86gBtdQhwYQeIAneIFX69F6tt6s92npglX07MEfWB/fVf2YdQ==</latexit>

�̂ = (X0X)�1X0Y
<latexit sha1_base64="56n1pgZcQMk8AAVi4Mk42FdQ5o4=">AAACKHicbZDLSsNAFIYnXmu9VV26GSxiXVgSEXQjFt24rGAv0sQymU7aoZMLMydCCXkcN76KGxFFuvVJnLZBtO2BgY//P4c553cjwRWY5tBYWFxaXlnNreXXNza3tgs7u3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13P7NyG88Mal4GNzDIGKOT7oB9zgloKV24cruEUhslwFJ8SUu2T6BnuslzaP0F9Pjx+TESudYD2m7UDTL5rjwLFgZFFFW1Xbh3e6ENPZZAFQQpVqWGYGTEAmcCpbm7VixiNA+6bKWxoD4TDnJ+NAUH2qlg71Q6hcAHqt/JxLiKzXwXd052lBNeyNxnteKwbtwEh5EMbCATj7yYoEhxKPUcIdLRkEMNBAqud4V0x6RhILONq9DsKZPnoX6adkyy9bdWbFyncWRQ/voAJWQhc5RBd2iKqohip7RK/pAn8aL8WZ8GcNJ64KRzeyhf2V8/wCd6Kbz</latexit><latexit sha1_base64="56n1pgZcQMk8AAVi4Mk42FdQ5o4=">AAACKHicbZDLSsNAFIYnXmu9VV26GSxiXVgSEXQjFt24rGAv0sQymU7aoZMLMydCCXkcN76KGxFFuvVJnLZBtO2BgY//P4c553cjwRWY5tBYWFxaXlnNreXXNza3tgs7u3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13P7NyG88Mal4GNzDIGKOT7oB9zgloKV24cruEUhslwFJ8SUu2T6BnuslzaP0F9Pjx+TESudYD2m7UDTL5rjwLFgZFFFW1Xbh3e6ENPZZAFQQpVqWGYGTEAmcCpbm7VixiNA+6bKWxoD4TDnJ+NAUH2qlg71Q6hcAHqt/JxLiKzXwXd052lBNeyNxnteKwbtwEh5EMbCATj7yYoEhxKPUcIdLRkEMNBAqud4V0x6RhILONq9DsKZPnoX6adkyy9bdWbFyncWRQ/voAJWQhc5RBd2iKqohip7RK/pAn8aL8WZ8GcNJ64KRzeyhf2V8/wCd6Kbz</latexit><latexit sha1_base64="56n1pgZcQMk8AAVi4Mk42FdQ5o4=">AAACKHicbZDLSsNAFIYnXmu9VV26GSxiXVgSEXQjFt24rGAv0sQymU7aoZMLMydCCXkcN76KGxFFuvVJnLZBtO2BgY//P4c553cjwRWY5tBYWFxaXlnNreXXNza3tgs7u3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13P7NyG88Mal4GNzDIGKOT7oB9zgloKV24cruEUhslwFJ8SUu2T6BnuslzaP0F9Pjx+TESudYD2m7UDTL5rjwLFgZFFFW1Xbh3e6ENPZZAFQQpVqWGYGTEAmcCpbm7VixiNA+6bKWxoD4TDnJ+NAUH2qlg71Q6hcAHqt/JxLiKzXwXd052lBNeyNxnteKwbtwEh5EMbCATj7yYoEhxKPUcIdLRkEMNBAqud4V0x6RhILONq9DsKZPnoX6adkyy9bdWbFyncWRQ/voAJWQhc5RBd2iKqohip7RK/pAn8aL8WZ8GcNJ64KRzeyhf2V8/wCd6Kbz</latexit><latexit sha1_base64="56n1pgZcQMk8AAVi4Mk42FdQ5o4=">AAACKHicbZDLSsNAFIYnXmu9VV26GSxiXVgSEXQjFt24rGAv0sQymU7aoZMLMydCCXkcN76KGxFFuvVJnLZBtO2BgY//P4c553cjwRWY5tBYWFxaXlnNreXXNza3tgs7u3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13P7NyG88Mal4GNzDIGKOT7oB9zgloKV24cruEUhslwFJ8SUu2T6BnuslzaP0F9Pjx+TESudYD2m7UDTL5rjwLFgZFFFW1Xbh3e6ENPZZAFQQpVqWGYGTEAmcCpbm7VixiNA+6bKWxoD4TDnJ+NAUH2qlg71Q6hcAHqt/JxLiKzXwXd052lBNeyNxnteKwbtwEh5EMbCATj7yYoEhxKPUcIdLRkEMNBAqud4V0x6RhILONq9DsKZPnoX6adkyy9bdWbFyncWRQ/voAJWQhc5RBd2iKqohip7RK/pAn8aL8WZ8GcNJ64KRzeyhf2V8/wCd6Kbz</latexit>

Inverse
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LinAlg Detour

Y = m1X1 + m2X2 + m3X3 + m4X4

Y = X�
<latexit sha1_base64="YaoYYITUP9CUTRmh9oPO2IUGZ2A=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwVRIRdCMU3bisYB/SlDKZTtqhk0mYmQglZOPGX3HjQhG3/oM7/8ZJG0FbDwycOede7r3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+655KxSJxq8cx7YZ4IFjACNZG6tkHXoj10A/SuwxdoJ9PO/N8qnHPrjhVZwI0T9yCVKBAvWd/ev2IJCEVmnCsVMd1Yt1NsdSMcJqVvUTRGJMRHtCOoQKHVHXTyRUZOjJKHwWRNE9oNFF/d6Q4VGoc+qYyX1PNern4n9dJdHDeTZmIE00FmQ4KEo50hPJIUJ9JSjQfG4KJZGZXRIZYYqJNcGUTgjt78jxpnlRdp+renFZql0UcJdiHQzgGF86gBtdQhwYQeIAneIFX69F6tt6s92npglX07MEfWB/fVf2YdQ==</latexit><latexit sha1_base64="YaoYYITUP9CUTRmh9oPO2IUGZ2A=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwVRIRdCMU3bisYB/SlDKZTtqhk0mYmQglZOPGX3HjQhG3/oM7/8ZJG0FbDwycOede7r3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+655KxSJxq8cx7YZ4IFjACNZG6tkHXoj10A/SuwxdoJ9PO/N8qnHPrjhVZwI0T9yCVKBAvWd/ev2IJCEVmnCsVMd1Yt1NsdSMcJqVvUTRGJMRHtCOoQKHVHXTyRUZOjJKHwWRNE9oNFF/d6Q4VGoc+qYyX1PNern4n9dJdHDeTZmIE00FmQ4KEo50hPJIUJ9JSjQfG4KJZGZXRIZYYqJNcGUTgjt78jxpnlRdp+renFZql0UcJdiHQzgGF86gBtdQhwYQeIAneIFX69F6tt6s92npglX07MEfWB/fVf2YdQ==</latexit><latexit sha1_base64="YaoYYITUP9CUTRmh9oPO2IUGZ2A=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwVRIRdCMU3bisYB/SlDKZTtqhk0mYmQglZOPGX3HjQhG3/oM7/8ZJG0FbDwycOede7r3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+655KxSJxq8cx7YZ4IFjACNZG6tkHXoj10A/SuwxdoJ9PO/N8qnHPrjhVZwI0T9yCVKBAvWd/ev2IJCEVmnCsVMd1Yt1NsdSMcJqVvUTRGJMRHtCOoQKHVHXTyRUZOjJKHwWRNE9oNFF/d6Q4VGoc+qYyX1PNern4n9dJdHDeTZmIE00FmQ4KEo50hPJIUJ9JSjQfG4KJZGZXRIZYYqJNcGUTgjt78jxpnlRdp+renFZql0UcJdiHQzgGF86gBtdQhwYQeIAneIFX69F6tt6s92npglX07MEfWB/fVf2YdQ==</latexit><latexit sha1_base64="YaoYYITUP9CUTRmh9oPO2IUGZ2A=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwVRIRdCMU3bisYB/SlDKZTtqhk0mYmQglZOPGX3HjQhG3/oM7/8ZJG0FbDwycOede7r3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+655KxSJxq8cx7YZ4IFjACNZG6tkHXoj10A/SuwxdoJ9PO/N8qnHPrjhVZwI0T9yCVKBAvWd/ev2IJCEVmnCsVMd1Yt1NsdSMcJqVvUTRGJMRHtCOoQKHVHXTyRUZOjJKHwWRNE9oNFF/d6Q4VGoc+qYyX1PNern4n9dJdHDeTZmIE00FmQ4KEo50hPJIUJ9JSjQfG4KJZGZXRIZYYqJNcGUTgjt78jxpnlRdp+renFZql0UcJdiHQzgGF86gBtdQhwYQeIAneIFX69F6tt6s92npglX07MEfWB/fVf2YdQ==</latexit>

�̂ = (X0X)�1X0Y
<latexit sha1_base64="56n1pgZcQMk8AAVi4Mk42FdQ5o4=">AAACKHicbZDLSsNAFIYnXmu9VV26GSxiXVgSEXQjFt24rGAv0sQymU7aoZMLMydCCXkcN76KGxFFuvVJnLZBtO2BgY//P4c553cjwRWY5tBYWFxaXlnNreXXNza3tgs7u3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13P7NyG88Mal4GNzDIGKOT7oB9zgloKV24cruEUhslwFJ8SUu2T6BnuslzaP0F9Pjx+TESudYD2m7UDTL5rjwLFgZFFFW1Xbh3e6ENPZZAFQQpVqWGYGTEAmcCpbm7VixiNA+6bKWxoD4TDnJ+NAUH2qlg71Q6hcAHqt/JxLiKzXwXd052lBNeyNxnteKwbtwEh5EMbCATj7yYoEhxKPUcIdLRkEMNBAqud4V0x6RhILONq9DsKZPnoX6adkyy9bdWbFyncWRQ/voAJWQhc5RBd2iKqohip7RK/pAn8aL8WZ8GcNJ64KRzeyhf2V8/wCd6Kbz</latexit><latexit sha1_base64="56n1pgZcQMk8AAVi4Mk42FdQ5o4=">AAACKHicbZDLSsNAFIYnXmu9VV26GSxiXVgSEXQjFt24rGAv0sQymU7aoZMLMydCCXkcN76KGxFFuvVJnLZBtO2BgY//P4c553cjwRWY5tBYWFxaXlnNreXXNza3tgs7u3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13P7NyG88Mal4GNzDIGKOT7oB9zgloKV24cruEUhslwFJ8SUu2T6BnuslzaP0F9Pjx+TESudYD2m7UDTL5rjwLFgZFFFW1Xbh3e6ENPZZAFQQpVqWGYGTEAmcCpbm7VixiNA+6bKWxoD4TDnJ+NAUH2qlg71Q6hcAHqt/JxLiKzXwXd052lBNeyNxnteKwbtwEh5EMbCATj7yYoEhxKPUcIdLRkEMNBAqud4V0x6RhILONq9DsKZPnoX6adkyy9bdWbFyncWRQ/voAJWQhc5RBd2iKqohip7RK/pAn8aL8WZ8GcNJ64KRzeyhf2V8/wCd6Kbz</latexit><latexit sha1_base64="56n1pgZcQMk8AAVi4Mk42FdQ5o4=">AAACKHicbZDLSsNAFIYnXmu9VV26GSxiXVgSEXQjFt24rGAv0sQymU7aoZMLMydCCXkcN76KGxFFuvVJnLZBtO2BgY//P4c553cjwRWY5tBYWFxaXlnNreXXNza3tgs7u3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13P7NyG88Mal4GNzDIGKOT7oB9zgloKV24cruEUhslwFJ8SUu2T6BnuslzaP0F9Pjx+TESudYD2m7UDTL5rjwLFgZFFFW1Xbh3e6ENPZZAFQQpVqWGYGTEAmcCpbm7VixiNA+6bKWxoD4TDnJ+NAUH2qlg71Q6hcAHqt/JxLiKzXwXd052lBNeyNxnteKwbtwEh5EMbCATj7yYoEhxKPUcIdLRkEMNBAqud4V0x6RhILONq9DsKZPnoX6adkyy9bdWbFyncWRQ/voAJWQhc5RBd2iKqohip7RK/pAn8aL8WZ8GcNJ64KRzeyhf2V8/wCd6Kbz</latexit><latexit sha1_base64="56n1pgZcQMk8AAVi4Mk42FdQ5o4=">AAACKHicbZDLSsNAFIYnXmu9VV26GSxiXVgSEXQjFt24rGAv0sQymU7aoZMLMydCCXkcN76KGxFFuvVJnLZBtO2BgY//P4c553cjwRWY5tBYWFxaXlnNreXXNza3tgs7u3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13P7NyG88Mal4GNzDIGKOT7oB9zgloKV24cruEUhslwFJ8SUu2T6BnuslzaP0F9Pjx+TESudYD2m7UDTL5rjwLFgZFFFW1Xbh3e6ENPZZAFQQpVqWGYGTEAmcCpbm7VixiNA+6bKWxoD4TDnJ+NAUH2qlg71Q6hcAHqt/JxLiKzXwXd052lBNeyNxnteKwbtwEh5EMbCATj7yYoEhxKPUcIdLRkEMNBAqud4V0x6RhILONq9DsKZPnoX6adkyy9bdWbFyncWRQ/voAJWQhc5RBd2iKqohip7RK/pAn8aL8WZ8GcNJ64KRzeyhf2V8/wCd6Kbz</latexit>

Inverse

doesn’t 
always 
exist…
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1 2 3 
2 2 6 
4 9 12

LinAlg Detour

Y = m1X1 + m2X2 + m3X3 + m4X4

�̂ = (X0X)�1X0Y
<latexit sha1_base64="56n1pgZcQMk8AAVi4Mk42FdQ5o4=">AAACKHicbZDLSsNAFIYnXmu9VV26GSxiXVgSEXQjFt24rGAv0sQymU7aoZMLMydCCXkcN76KGxFFuvVJnLZBtO2BgY//P4c553cjwRWY5tBYWFxaXlnNreXXNza3tgs7u3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13P7NyG88Mal4GNzDIGKOT7oB9zgloKV24cruEUhslwFJ8SUu2T6BnuslzaP0F9Pjx+TESudYD2m7UDTL5rjwLFgZFFFW1Xbh3e6ENPZZAFQQpVqWGYGTEAmcCpbm7VixiNA+6bKWxoD4TDnJ+NAUH2qlg71Q6hcAHqt/JxLiKzXwXd052lBNeyNxnteKwbtwEh5EMbCATj7yYoEhxKPUcIdLRkEMNBAqud4V0x6RhILONq9DsKZPnoX6adkyy9bdWbFyncWRQ/voAJWQhc5RBd2iKqohip7RK/pAn8aL8WZ8GcNJ64KRzeyhf2V8/wCd6Kbz</latexit><latexit sha1_base64="56n1pgZcQMk8AAVi4Mk42FdQ5o4=">AAACKHicbZDLSsNAFIYnXmu9VV26GSxiXVgSEXQjFt24rGAv0sQymU7aoZMLMydCCXkcN76KGxFFuvVJnLZBtO2BgY//P4c553cjwRWY5tBYWFxaXlnNreXXNza3tgs7u3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13P7NyG88Mal4GNzDIGKOT7oB9zgloKV24cruEUhslwFJ8SUu2T6BnuslzaP0F9Pjx+TESudYD2m7UDTL5rjwLFgZFFFW1Xbh3e6ENPZZAFQQpVqWGYGTEAmcCpbm7VixiNA+6bKWxoD4TDnJ+NAUH2qlg71Q6hcAHqt/JxLiKzXwXd052lBNeyNxnteKwbtwEh5EMbCATj7yYoEhxKPUcIdLRkEMNBAqud4V0x6RhILONq9DsKZPnoX6adkyy9bdWbFyncWRQ/voAJWQhc5RBd2iKqohip7RK/pAn8aL8WZ8GcNJ64KRzeyhf2V8/wCd6Kbz</latexit><latexit sha1_base64="56n1pgZcQMk8AAVi4Mk42FdQ5o4=">AAACKHicbZDLSsNAFIYnXmu9VV26GSxiXVgSEXQjFt24rGAv0sQymU7aoZMLMydCCXkcN76KGxFFuvVJnLZBtO2BgY//P4c553cjwRWY5tBYWFxaXlnNreXXNza3tgs7u3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13P7NyG88Mal4GNzDIGKOT7oB9zgloKV24cruEUhslwFJ8SUu2T6BnuslzaP0F9Pjx+TESudYD2m7UDTL5rjwLFgZFFFW1Xbh3e6ENPZZAFQQpVqWGYGTEAmcCpbm7VixiNA+6bKWxoD4TDnJ+NAUH2qlg71Q6hcAHqt/JxLiKzXwXd052lBNeyNxnteKwbtwEh5EMbCATj7yYoEhxKPUcIdLRkEMNBAqud4V0x6RhILONq9DsKZPnoX6adkyy9bdWbFyncWRQ/voAJWQhc5RBd2iKqohip7RK/pAn8aL8WZ8GcNJ64KRzeyhf2V8/wCd6Kbz</latexit><latexit sha1_base64="56n1pgZcQMk8AAVi4Mk42FdQ5o4=">AAACKHicbZDLSsNAFIYnXmu9VV26GSxiXVgSEXQjFt24rGAv0sQymU7aoZMLMydCCXkcN76KGxFFuvVJnLZBtO2BgY//P4c553cjwRWY5tBYWFxaXlnNreXXNza3tgs7u3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13P7NyG88Mal4GNzDIGKOT7oB9zgloKV24cruEUhslwFJ8SUu2T6BnuslzaP0F9Pjx+TESudYD2m7UDTL5rjwLFgZFFFW1Xbh3e6ENPZZAFQQpVqWGYGTEAmcCpbm7VixiNA+6bKWxoD4TDnJ+NAUH2qlg71Q6hcAHqt/JxLiKzXwXd052lBNeyNxnteKwbtwEh5EMbCATj7yYoEhxKPUcIdLRkEMNBAqud4V0x6RhILONq9DsKZPnoX6adkyy9bdWbFyncWRQ/voAJWQhc5RBd2iKqohip7RK/pAn8aL8WZ8GcNJ64KRzeyhf2V8/wCd6Kbz</latexit>

Inverse

X = 
linearly 

dependent/
co-linear
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LinAlg Detour

Y = m1X1 + m2X2 + m3X3 + m4X4

�̂ = (X0X)�1X0Y
<latexit sha1_base64="56n1pgZcQMk8AAVi4Mk42FdQ5o4=">AAACKHicbZDLSsNAFIYnXmu9VV26GSxiXVgSEXQjFt24rGAv0sQymU7aoZMLMydCCXkcN76KGxFFuvVJnLZBtO2BgY//P4c553cjwRWY5tBYWFxaXlnNreXXNza3tgs7u3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13P7NyG88Mal4GNzDIGKOT7oB9zgloKV24cruEUhslwFJ8SUu2T6BnuslzaP0F9Pjx+TESudYD2m7UDTL5rjwLFgZFFFW1Xbh3e6ENPZZAFQQpVqWGYGTEAmcCpbm7VixiNA+6bKWxoD4TDnJ+NAUH2qlg71Q6hcAHqt/JxLiKzXwXd052lBNeyNxnteKwbtwEh5EMbCATj7yYoEhxKPUcIdLRkEMNBAqud4V0x6RhILONq9DsKZPnoX6adkyy9bdWbFyncWRQ/voAJWQhc5RBd2iKqohip7RK/pAn8aL8WZ8GcNJ64KRzeyhf2V8/wCd6Kbz</latexit><latexit sha1_base64="56n1pgZcQMk8AAVi4Mk42FdQ5o4=">AAACKHicbZDLSsNAFIYnXmu9VV26GSxiXVgSEXQjFt24rGAv0sQymU7aoZMLMydCCXkcN76KGxFFuvVJnLZBtO2BgY//P4c553cjwRWY5tBYWFxaXlnNreXXNza3tgs7u3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13P7NyG88Mal4GNzDIGKOT7oB9zgloKV24cruEUhslwFJ8SUu2T6BnuslzaP0F9Pjx+TESudYD2m7UDTL5rjwLFgZFFFW1Xbh3e6ENPZZAFQQpVqWGYGTEAmcCpbm7VixiNA+6bKWxoD4TDnJ+NAUH2qlg71Q6hcAHqt/JxLiKzXwXd052lBNeyNxnteKwbtwEh5EMbCATj7yYoEhxKPUcIdLRkEMNBAqud4V0x6RhILONq9DsKZPnoX6adkyy9bdWbFyncWRQ/voAJWQhc5RBd2iKqohip7RK/pAn8aL8WZ8GcNJ64KRzeyhf2V8/wCd6Kbz</latexit><latexit sha1_base64="56n1pgZcQMk8AAVi4Mk42FdQ5o4=">AAACKHicbZDLSsNAFIYnXmu9VV26GSxiXVgSEXQjFt24rGAv0sQymU7aoZMLMydCCXkcN76KGxFFuvVJnLZBtO2BgY//P4c553cjwRWY5tBYWFxaXlnNreXXNza3tgs7u3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13P7NyG88Mal4GNzDIGKOT7oB9zgloKV24cruEUhslwFJ8SUu2T6BnuslzaP0F9Pjx+TESudYD2m7UDTL5rjwLFgZFFFW1Xbh3e6ENPZZAFQQpVqWGYGTEAmcCpbm7VixiNA+6bKWxoD4TDnJ+NAUH2qlg71Q6hcAHqt/JxLiKzXwXd052lBNeyNxnteKwbtwEh5EMbCATj7yYoEhxKPUcIdLRkEMNBAqud4V0x6RhILONq9DsKZPnoX6adkyy9bdWbFyncWRQ/voAJWQhc5RBd2iKqohip7RK/pAn8aL8WZ8GcNJ64KRzeyhf2V8/wCd6Kbz</latexit><latexit sha1_base64="56n1pgZcQMk8AAVi4Mk42FdQ5o4=">AAACKHicbZDLSsNAFIYnXmu9VV26GSxiXVgSEXQjFt24rGAv0sQymU7aoZMLMydCCXkcN76KGxFFuvVJnLZBtO2BgY//P4c553cjwRWY5tBYWFxaXlnNreXXNza3tgs7u3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13P7NyG88Mal4GNzDIGKOT7oB9zgloKV24cruEUhslwFJ8SUu2T6BnuslzaP0F9Pjx+TESudYD2m7UDTL5rjwLFgZFFFW1Xbh3e6ENPZZAFQQpVqWGYGTEAmcCpbm7VixiNA+6bKWxoD4TDnJ+NAUH2qlg71Q6hcAHqt/JxLiKzXwXd052lBNeyNxnteKwbtwEh5EMbCATj7yYoEhxKPUcIdLRkEMNBAqud4V0x6RhILONq9DsKZPnoX6adkyy9bdWbFyncWRQ/voAJWQhc5RBd2iKqohip7RK/pAn8aL8WZ8GcNJ64KRzeyhf2V8/wCd6Kbz</latexit>

linearly 
dependent/
co-linear

“Pseudo-Inverse”

1 2 3 
2 2 6 
4 9 12

X = 
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Dummy Variables

Y = m1X1 + m2X2 + m3X3 + m4X4

Y: cholesterol level 
X1: eucalyptus 
X2: cholesterol meds 
X3: breakfast 
X4: constant term

???

122



Dummy Variables

• Used to encode qualitative features 

• AKA indicator variables, Boolean variables, one-hot 
variables, sparse variables… 

• Interpretable as shift in intercept for different 
groups
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Dummy Variables

• Used to encode qualitative features 

• AKA indicator variables, Boolean variables, one-hot 
variables, sparse variables… 

• Interpretable as shift in intercept for different 
groups
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Dummy Variables

• Used to encode qualitative features 

• AKA indicator variables, Boolean variables, one-hot 
variables, sparse variables… 

• Interpretable as shift in intercept for different 
groups
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Dummy Variables
ch

ol
es

te
ro

l
No breakfast 
Yes breakfast

126



Dummy Variables

20  31  0  1  1 
20  5    0  1  1 
20  40  0  1  1 
25  18  1  0  1

X = 

cholesterol 
meds

eucalyptus

yes breakfast

no breakfast

constant
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Dummy Variables

20  31  0  1  1 
20  5    0  1  1 
20  40  0  1  1 
25  18  1  0  1

X = 

cholesterol 
meds

eucalyptus

yes breakfast

no breakfast

constant

Qualms?
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Dummy Variables

20  31  0  1  1 
20  5    0  1  1 
20  40  0  1  1 
25  18  1  0  1

X = 

cholesterol 
meds

eucalyptus

yes breakfast

no breakfast

constant

#!@*$!

linearly 
dependent
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Dummy Variables

20  31  0  1  1 
20  5    0  1  1 
20  40  0  1  1 
25  18  1  0  1

X = 

cholesterol 
meds

eucalyptus

yes breakfast

no breakfast

constant

“dummy 
variable 
trap"
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Dummy Variables

20  31  0  1  1 
20  5    0  1  1 
20  40  0  1  1 
25  18  1  0  1

X = 

cholesterol 
meds

eucalyptus

yes breakfast

no breakfast

constant

n-1 
dummies 

(usually done 
for you)

131



Clicker Question!
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Clicker Question!
For the below model, how many parameters 

(coefficients) do we need to estimate?

(a)5 
(b)10

Y = m1X1 + m2X2 + m3X3 + m4X4 +m5X5
Y: happiness 
X1: day of week (dummies M,T,W,Th,F,S,Su) 
X2: bank account balance (real value) 
X3: breakfast (dummies yes,no) 
X4: whether you have found your inner peace 
(dummies yes,no,unclear)

(c) 11 
(d) infinite
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Clicker Question!
For the below model, how many parameters 

(coefficients) do we need to estimate?

(a)5 
(b)10

Y = m1X1 + m2X2 + m3X3 + m4X4 +m5X5
Y: happiness 
X1: day of week (dummies M,T,W,Th,F,S,Su) 
X2: bank account balance (real value) 
X3: breakfast (dummies yes,no) 
X4: whether you have found your inner peace 
(dummies yes,no,unclear)

(c) 11 
(d) infinite

6
11

2
constant = 1
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Nonlinear Relationships

eucalyptus

ch
ol

es
te

ro
l
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Clicker Question!
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eucalyptus

ch
ol

es
te

ro
l

Clicker Question!
Can we model this with linear regression?

(a)Yes indeed! 
(b)Hell no!
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eucalyptus

ch
ol

es
te

ro
l

Clicker Question!
Can we model this with linear regression?

(a)Yes indeed! 
(b)Hell no!
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eucalyptus

ch
ol

es
te

ro
l

Clicker Question!
Can we model this with linear regression?

(a)Yes indeed! 
(b)Hell no!

Y = m1X1 + m2X2 + m3X3
Y: cholesterol 
X1: eucalyptus 
X2: eucalyptus2
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eucalyptus

ch
ol

es
te

ro
l

Clicker Question!
Can we model this with linear regression?

(a)Yes indeed! 
(b)Hell no!

Y = m1X1 + m2X2 + m3X3 + m4X4
Y: cholesterol 
X1: eucalyptus 
X2: cholesterol meds 
X3: X1 x X2

“interaction term”
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statsmodels

https://www.statsmodels.org/dev/examples/notebooks/generated/ols.html 
https://www.statsmodels.org/dev/generated/statsmodels.regression.linear_model.OLS.html

import statsmodels.api as sm 

y, X = read_data() 
X = sm.add_constant(X) 
model = sm.OLS(y, X) 
results = model.fit() 
print(results.summary())

141
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statsmodels

https://www.statsmodels.org/dev/examples/notebooks/generated/ols.html 
https://www.statsmodels.org/dev/generated/statsmodels.regression.linear_model.OLS.html

import statsmodels.api as sm 
import statsmodels.formula.api as smf 
# M has column headers w/ names 
M = read_data()  
X = sm.add_constant(X) 
eq = “chol ~ eucalyptus + meds + breakfast” 
model = smf.ols(formula=eq, data=M) 
results = model.fit() 
print(results.summary())
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statsmodels

https://www.statsmodels.org/dev/examples/notebooks/generated/ols.html 
https://www.statsmodels.org/dev/generated/statsmodels.regression.linear_model.OLS.html

import statsmodels.api as sm 
import statsmodels.formula.api as smf 
# M has column headers w/ names 
M = read_data()  
X = sm.add_constant(X) 
eq = “chol ~ eucalyptus + meds + breakfast 
+ eucalyptus:meds” 
model = smf.ols(formula=eq, data=M) 
results = model.fit() 
print(results.summary())

interaction term
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statsmodels

https://www.statsmodels.org/dev/examples/notebooks/generated/ols.html 
https://www.statsmodels.org/dev/generated/statsmodels.regression.linear_model.OLS.html

import statsmodels.api as sm 
import statsmodels.formula.api as smf 
# M has column headers w/ names 
M = read_data()  
X = sm.add_constant(X) 
eq = “chol ~ eucalyptus + meds + breakfast 
+ eucalyptus^2” 
model = smf.ols(formula=eq, data=M) 
results = model.fit() 
print(results.summary())

squared terms
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statsmodels

https://www.statsmodels.org/dev/examples/notebooks/generated/ols.html 
https://www.statsmodels.org/dev/generated/statsmodels.regression.linear_model.OLS.html145
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statsmodels

https://www.statsmodels.org/dev/examples/notebooks/generated/ols.html 
https://www.statsmodels.org/dev/generated/statsmodels.regression.linear_model.OLS.html

overall fit of 
model (SSE)
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coefficients 
(i.e. effect sizes)

147

https://www.statsmodels.org/dev/examples/notebooks/generated/ols.html
https://www.statsmodels.org/dev/generated/statsmodels.regression.linear_model.OLS.html


statsmodels

https://www.statsmodels.org/dev/examples/notebooks/generated/ols.html 
https://www.statsmodels.org/dev/generated/statsmodels.regression.linear_model.OLS.html

p-values
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Discussion Question!
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Discussion Question!*
income ~ education + gender + parent_edu + 
parent_income + education:parent_income

var                  const    P>|t|  
edu                  20000     0.03 
gender               -12000    0.06  
parent_edu           15000     0.07         
parent_income        1.8       0.01 
edu:parent_income    2.3       0.02

* I completely made these numbers up!!

income: salary($) 
edu: 1=college 
gender: 1=F 
parent_edu: 1=col 
parent_income: 
salary($)
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Discussion Question!*
income ~ education + gender + parent_edu + 
parent_income + education:parent_income

var                  const    P>|t|  
edu                  20000     0.03 
gender               -12000    0.06  
parent_edu           15000     0.07         
parent_income        1.8       0.01 
edu:parent_income    2.3       0.02

* I completely made these numbers up!!

How to we interpret this?

income: salary($) 
edu: 1=college 
gender: 1=F 
parent_edu: 1=col 
parent_income: 
salary($)
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Discussion Question!*
income ~ education + gender + parent_edu + 
parent_income + education:parent_income

var                  const    P>|t|  
edu                  20000     0.03 
gender               -12000    0.06  
parent_edu           15000     0.07         
parent_income        1.8       0.01 
edu:parent_income    2.3       0.02

* I completely made these numbers up!!

income: salary($) 
edu: 1=college 
gender: 1=F 
parent_edu: 1=col 
parent_income: 
salary($)

How to we interpret this?
Going to college corresponds to a increase of $20K 

in salary, assuming other variables are fixed. 
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var                  const    P>|t|  
edu                  20000     0.03 
gender               -12000    0.06  
parent_edu           15000     0.07         
parent_income        1.8       0.01 
edu:parent_income    2.3       0.02

Discussion Question!*
income ~ education + gender + parent_edu + 
parent_income + education:parent_income

* I completely made these numbers up!!

How to we interpret this?

income: salary($) 
edu: 1=college 
gender: 1=F 
parent_edu: 1=col 
parent_income: 
salary($)
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Discussion Question!*
income ~ education + gender + parent_edu + 
parent_income + education:parent_income

var                  const    P>|t|  
edu                  20000     0.03 
gender               -12000    0.06  
parent_edu           15000     0.07         
parent_income        1.8       0.01 
edu:parent_income    2.3       0.02

* I completely made these numbers up!!

How to we interpret this?
Being female corresponds to a decrease of 12K in 

salary, holding all other things fixed.

income: salary($) 
edu: 1=college 
gender: 1=F 
parent_edu: 1=col 
parent_income: 
salary($)
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var                  const    P>|t|  
edu                  20000     0.03 
gender               -12000    0.06  
parent_edu           15000     0.07         
parent_income        1.8       0.01 
edu:parent_income    2.3       0.02

Discussion Question!*
income ~ education + gender + parent_edu + 
parent_income + education:parent_income

* I completely made these numbers up!!

How to we interpret this?

income: salary($) 
edu: 1=college 
gender: 1=F 
parent_edu: 1=col 
parent_income: 
salary($)
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var                  const    P>|t|  
edu                  20000     0.03 
gender               -12000    0.06  
parent_edu           15000     0.07         
parent_income        1.8       0.01 
edu:parent_income    2.3       0.02

Discussion Question!*
income ~ education + gender + parent_edu + 
parent_income + education:parent_income

* I completely made these numbers up!!

How to we interpret this?
Conditioned on your having gone to college, an 

increase of $1 in parents’ salary corresponds to an 
increase of $2.3 in your salary.

income: salary($) 
edu: 1=college 
gender: 1=F 
parent_edu: 1=col 
parent_income: 
salary($)
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ok ok, go go go
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